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Chapter 1

Extended real numbers and their
integral

TODO: describe the extended real numbers and the conventions used for their operations.

Definition 1.1. The set of extended non-negative real numbers is ℝ+,∞ = ℝ+ ∪ {+∞}.

Definition 1.2. The set of extended real numbers is ℝ = ℝ ∪ {+∞, −∞}.

TODO: addition and multiplication conventions

Definition 1.3. The logarithm as a function from ℝ+,∞ to ℝ is defined as

log(𝑥) =
⎧{
⎨{⎩

−∞ if 𝑥 = 0
the usual logarithm if 𝑥 ∈ (0, +∞)
+∞ if 𝑥 = +∞

A good property of the conventions chosen for addition and multiplication is that the usual
properties of logarithm hold. In particular, for all 𝑥, 𝑦 ∈ ℝ+,∞, log(𝑥𝑦) = log(𝑥) + log(𝑦).

TODO: positive and negative parts of an extended real number

Definition 1.4. For 𝑓 ∶ Ω → ℝ and 𝜇 a measure on Ω, we define the extended integral of 𝑓 with
respect to 𝜇 as

∫
𝜔

𝑓(𝜔) 𝑑𝜇 ∶= ∫
𝜔

𝑓+(𝜔) 𝑑𝜇 − ∫
𝜔

𝑓−(𝜔) 𝑑𝜇 ,

where 𝑓+ = max(𝑓, 0) and 𝑓− = − min(𝑓, 0), and their integrals are Lebesgue integrals, possibly
taking the value +∞.
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Chapter 2

E-variables

Notation Let 𝒳, 𝒴 be measurable spaces. We denote by 𝒫(𝒳) the set of probability measures
on 𝒳 and write 𝜅 ∶ 𝒳 ⇝ 𝒴 to mean that 𝜅 is a Markov kernel from 𝒳 to 𝒴. ℝ+,∞ is the set of
nonnegative reals extended with +∞ and ℝ is the set of reals extended with −∞ and +∞.

A measure will always denote a nonnegative measure. We will specify when we mean a signed
measure.

The central object of this study are E-variables, which are measurable functions that are
bounded in expectation by 1 for all probability measures in a set 𝒬.

Definition 2.1. An E-variable for a set of probability measures 𝒬 ⊆ 𝒫(𝒳) is a measurable
function 𝑓 ∶ 𝒳 → ℝ+,∞ such that for all 𝑄 ∈ 𝒬, 𝑄[𝑓] ≤ 1.

We denote by ℰ𝒬 the set of E-variables for a set of probability measures 𝒬.

Lemma 2.2. If 𝒫 ⊆ 𝒬 ⊆ 𝒫(𝒳) then ℰ𝒬 ⊆ ℰ𝒫.

Proof.

We introduce randomized E-variables, which are Markov kernels that can be seen as random-
ized versions of E-variables. The main difference is that they are allowed to be randomized, i.e.,
they can return a distribution over ℝ+,∞ instead of a single value. This generalization is mainly
useful thanks to the compositional properties it provides, as we will see in Lemma 2.22.

Definition 2.3. A randomized E-variable for a set of distributions 𝒬 ⊆ 𝒫(𝒳) is a Markov kernel
𝜂 ∶ 𝒳 ⇝ ℝ+,∞ such that for all 𝑄 ∈ 𝒬, (𝜂 ∘ 𝑄)[id] ≤ 1.

We denote by ℰ𝑅
𝒬 the set of randomized E-variables for a set of probability measures 𝒬. Since

measurable functions can be seen as deterministic Markov kernels, we have ℰ𝒬 ⊆ ℰ𝑅
𝒬 . Indeed,

𝑄[𝑓] = (𝛿𝑓 ∘ 𝑄)[id], in which 𝛿𝑓 ∶ 𝒳 ⇝ ℝ+,∞ is such that 𝛿𝑓(𝑥) is the dirac distribution at 𝑓(𝑥).
Lemma 2.4. A Markov kernel 𝜂 ∶ 𝒳 ⇝ ℝ+,∞ is a randomized E-variable for a set of probability
measures 𝒬 ⊆ 𝒫(𝒳) if and only if the measurable function 𝑓 ∶ 𝒳 → ℝ+,∞ defined by 𝑓(𝑥) =
𝜂(𝑥)[id] is an E-variable for 𝒬.

Proof.
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2.1 Almost everywhere with respect to a set of measures
Definition 2.5. Let 𝒬 ⊆ ℳ(𝒳) be a set of measures. A set 𝑆 ⊆ 𝒳 is said to be 𝒬-null if
𝑄[𝑆] = 0 for all 𝑄 ∈ 𝒬. A property 𝑝 ∶ 𝒳 → Bool is said to hold 𝒬-almost everywhere (denoted
by 𝒬-a.e.) if the set {𝑥 ∣ ¬𝑝(𝑥)} is 𝒬-null.

For a measure 𝑃 ∈ ℳ(𝒳), we can define the almost everywhere filter ae𝑃 of sets with 𝑃 -null
complement.

Lemma 2.6. A set 𝑆 ⊆ 𝒳 has a 𝒬-null complement iff 𝑆 ∈ ⨆𝑄∈𝒬 ae𝑄.

Proof. By definition of the ae filter and of a supremum of filters.

Definition 2.7. Let 𝑃 ∈ ℳ(𝒳) and let 𝒬 ⊆ ℳ(𝒳) be a set of measures. We say that 𝑃 is
absolutely continuous with respect to 𝒬 (denoted by 𝑃 ≪ 𝒬) if all 𝒬-null sets are 𝑃 -null sets.

Lemma 2.8. Let 𝑃 ∈ ℳ(𝒳) and let 𝒬 ⊆ ℳ(𝒳). Then 𝑃 ≪ 𝒬 iff ae𝑃 ≤ ⨆𝑄∈𝒬 ae𝑄.

Proof.

Lemma 2.9. For 𝑃 ∈ ℳ(𝒳) and 𝒬 ⊆ ℳ(𝒳), there is a unique decomposition 𝑃 = 𝑃ac + 𝑃⟂
with 𝑃ac ≪ 𝒬 and 𝑃⟂ ⟂ 𝒬 (meaning that there exists a 𝒬-null set 𝐴 with 𝑃⟂(𝐴𝑐) = 0).

Proof.

Definition 2.10. The singular set of 𝑃 with respect to 𝒬 is a 𝒬-null set 𝐴 such that the singular
part 𝑃⟂ satisfies 𝑃⟂(𝐴𝑐) = 0.

Lemma 2.11. The singular set of 𝑃 with respect to 𝒬 is unique up to 𝑃 and 𝒬-null sets.

Proof.

Lemma 2.12. Let 𝒬 ⊆ 𝒫(𝒳) be a set of probability measures and let 𝑓 be an E-variable for 𝒬.
Then the set {𝑓 = ∞} is 𝒬-null.

Proof. Let 𝑄 ∈ 𝒬. Since 𝑓 is an E-variable for 𝒬, we have 𝑄[𝑓] ≤ 1. Hence 𝑄[{𝑓 = ∞}] = 0.

2.2 Utility and maximal utility
Definition 2.13. We call utility a function 𝑈 ∶ ℝ+,∞ → ℝ which is non-decreasing, concave,
finite except perhaps at 0 and ∞, continuous, and continuously differentiable on (0, ∞).
Definition 2.14. The logarithm satisfies the properties of a utility function and we call it
logarithmic utility.

Definition 2.15. For a utility function 𝑈 , the maximal utility for (𝑃 , 𝒬) is defined as

𝒰(𝑃 , 𝒬) = sup
𝑓∈ℰ𝒬

𝑃 [𝑈(𝑓)] ,

in which the expectation is the extended integral defined in Definition 1.4.

3



Definition 2.16. For a utility function 𝑈 , the maximal randomized utility for (𝑃 , 𝒬) is defined
as

𝒰𝑅(𝑃 , 𝒬) = sup
𝜂∈ℰ𝑅

𝒬

(𝜂 ∘ 𝑃 )[𝑈] ,

in which the expectation is the extended integral defined in Definition 1.4.

Lemma 2.17. Let 𝒬′ ⊆ 𝒬 ⊆ 𝒫(𝒳). Then

𝒰(𝑃 , 𝒬′) ≥ 𝒰(𝑃 , 𝒬) .

Proof.

The next lemma shows that the larger set of randomized E-variables does not allow to achieve
a larger expected utility than the set of E-variables.

Lemma 2.18. Let 𝑈 ∶ ℝ+,∞ → ℝ be a utility function and 𝒬 ⊆ 𝒫(𝒳) a set of probability
measures. Let 𝑃 ∈ 𝒫(𝒳). Then

𝒰𝑅(𝑃 , 𝒬) = 𝒰(𝑃 , 𝒬) .

Proof. Since ℰ𝒬 ⊆ ℰ𝑅
𝒬 , the left hand side is greater than or equal to the right hand side.

For the other direction, let 𝜂 ∈ ℰ𝑅
𝒬 be a randomized E-variable. By concavity of 𝑈 ,

(𝜂 ∘ 𝑃 )[𝑈] = 𝑃 [𝑥 ↦ 𝜂(𝑥)[𝑈]] ≤ 𝑃 [𝑥 ↦ 𝑈(𝜂(𝑥)[id])]

The function 𝑥 ↦ 𝜂(𝑥)[id] is a measurable function and belongs to ℰ𝒬.

Lemma 2.19. Suppose that there exists an event 𝐴 such that 𝑃(𝐴) > 0 and 𝑄(𝐴) = 0 for all
𝑄 ∈ 𝒬. That is, we don’t have 𝑃 ≪ 𝒬. Then

𝒰(𝑃 , 𝒬) = +∞ .

Proof. The function 𝑓 ∶ 𝒳 → ℝ+,∞ defined by 𝑓(𝑥) = +∞ if 𝑥 ∈ 𝐴 and 𝑓(𝑥) = 0 otherwise is an
E-variable for 𝒬 since 𝑄[𝑓] = 0 for all 𝑄 ∈ 𝒬.

𝒰(𝑃 , 𝒬) ≥ 𝑃 [log 𝑓] = 𝑃(𝐴) ⋅ (+∞) = +∞ .

Lemma 2.20. The function 𝑅 ↦ 𝒰(𝑅, 𝒫) is convex.

Proof. Let 𝑅1, 𝑅2 ∈ 𝒫(𝒳) and let 𝜃 ∈ [0, 1].

𝒰(𝜃𝑅1 + (1 − 𝜃)𝑅2, 𝒫) = sup
𝑓∈ℰ𝒫

(𝜃𝑅1 + (1 − 𝜃)𝑅2) [log 𝑓]

= sup
𝑓∈ℰ𝒫

{𝜃𝑅1[log 𝑓] + (1 − 𝜃)𝑅2[log 𝑓]}

≤ 𝜃 sup
𝑓∈ℰ𝒫

𝑅1[log 𝑓] + (1 − 𝜃) sup
𝑓∈ℰ𝒫

𝑅2[log 𝑓]

= 𝜃𝒰(𝑅1, 𝒫) + (1 − 𝜃)𝒰(𝑅2, 𝒫) .
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2.3 Data-processing inequality for e-variables
Lemma 2.21. Let 𝒬 ⊆ 𝒫(𝒳) be a set of probability measures and let 𝜙 ∶ 𝒳 → 𝒴 be a measurable
function. Then for all 𝑔 ∈ ℰ𝜙∗𝒬, 𝑔 ∘ 𝜙 ∈ ℰ𝒬.

Proof. For 𝑄 ∈ 𝒬,

𝑄[𝑔 ∘ 𝜙] = (𝜙∗𝑄)[𝑔] ≤ 1 .

Lemma 2.22. Let 𝒬 ⊆ 𝒫(𝒳) be a set of probability measures and let 𝜅 ∶ 𝒳 ⇝ 𝒴 be a Markov
kernel. Then for all 𝜉 ∈ ℰ𝑅

𝜅∘𝒬, 𝜉 ∘ 𝜅 ∈ ℰ𝑅
𝒬 .

Proof. For 𝑄 ∈ 𝒬,

((𝜉 ∘ 𝜅) ∘ 𝑄)[id] = (𝜉 ∘ (𝜅 ∘ 𝑄))[id] ≤ 1 .

Theorem 2.23 (Data processing inequality with randomized e-variables). Let 𝒬 ⊆ 𝒫(𝒳) be a
set of probability measures and 𝑃 ∈ 𝒫(𝒳). Let 𝑈 ∶ ℝ+,∞ → ℝ be a utility function. Then for all
Markov kernels 𝜅 ∶ 𝒳 ⇝ 𝒴,

𝒰𝑅(𝑃 , 𝒬) ≥ 𝒰𝑅(𝜅 ∘ 𝑃 , 𝜅 ∘ 𝒬) .

Proof. By Lemma 2.22, {𝜉 ∘ 𝜅 ∣ 𝜉 ∈ ℰ𝑅
𝜅∘𝒬} ⊆ ℰ𝑅

𝒬 , hence

sup
𝜂∈ℰ𝑅

𝒬

(𝜂 ∘ 𝑃 )[𝑈] ≥ sup
𝜂∈{𝜉∘𝜅∣𝜉∈ℰ𝑅

𝜅∘𝒬}
(𝜂 ∘ 𝑃 )[𝑈] = sup

𝜉∈ℰ𝑅
𝜅∘𝒬

(𝜉 ∘ 𝜅 ∘ 𝑃)[𝑈] .

Lemma 2.24 (Data processing inequality with e-variables). Let 𝜅 ∶ 𝒳 ⇝ 𝒴 be a Markov kernel,
𝑃 ∈ 𝒫(𝒳) and 𝒬 ⊆ 𝒫(𝒳). Then

𝒰(𝜅 ∘ 𝑃 , 𝜅 ∘ 𝒬) ≤ 𝒰(𝑃 , 𝒬) .

Proof. We can use Lemma 2.18 to obtain the data-processing with a Markov kernel for e-variables
from the result for randomized e-variables (Theorem 2.23).

Lemma 2.25 (Data processing inequality with e-variables). Let 𝑓 ∶ 𝒳 → 𝒴 be a measurable
function, 𝑃 ∈ 𝒫(𝒳) and 𝒬 ⊆ 𝒫(𝒳). Then

𝒰(𝑓∗𝑃 , 𝑓∗𝒬) ≤ 𝒰(𝑃 , 𝒬) .

Proof. Use Lemma 2.24 with the deterministic Markov kernel given by 𝑓 .

Lemma 2.26. Let 𝜙 ∶ 𝒳 → 𝒴 be a measurable embedding, 𝑃 ∈ 𝒫(𝒳) and 𝒬 ⊆ 𝒫(𝒳). Then

𝒰(𝜙∗𝑃 , 𝜙∗𝒬) = 𝒰(𝑃 , 𝒬) .

Proof.
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Lemma 2.27. Let 𝑅 ∈ 𝒫(𝒳), 𝒫 ⊆ 𝒫(𝒳) and let 𝜙 ∶ 𝒳 → 𝒳 be a measurable map such that
𝜙 ∘ 𝜙 = id. Then

𝒰(𝑅, 𝜙∗𝒫) = 𝒰(𝜙∗𝑅, 𝒫) .

Proof. To prove the first inequality, we use Lemma 2.25:

𝒰(𝑅, 𝜙∗𝒫) = 𝒰(𝜙∗(𝜙∗𝑅), 𝜙∗𝒫)
≤ 𝒰(𝜙∗𝑅, 𝒫) .

For the reverse inequality,

𝒰(𝜙∗𝑅, 𝒫) = 𝒰(𝜙∗𝑅, 𝜙∗(𝜙∗𝒫))
≤ 𝒰(𝑅, 𝜙∗𝒫) .

2.4 Numeraire and duality
This section gathers results from [LRR24].

Definition 2.28. Let 𝑃 ∈ 𝒫(𝒳) and 𝒬 ⊆ 𝒫(𝒳). A numeraire for (𝑃 , 𝒬) is a 𝑃 -almost surely
positive e-variable 𝑓∗ ∈ ℰ𝒬 such that 𝑃 [𝑓/𝑓∗] ≤ 1 for all 𝑓 ∈ ℰ𝒬 .

Lemma 2.29. Let 𝑓∗ be a numeraire for (𝑃 , 𝒬) and let 𝑓 ∈ ℰ𝒬. Then 𝑃 [log 𝑓
𝑓∗ ] ≤ 0.

Proof.

Lemma 2.30. Let 𝑓 be a 𝑃 -almost surely positive E-variable for a set of probability measures
𝒬 ⊆ 𝒫(𝒳). Then 𝑓 is a numeraire for (𝑃 , 𝒬) if and only if 𝑃 [log 𝑔

𝑓 ] ≤ 0 for all 𝑔 ∈ ℰ𝒬.

Proof.

Lemma 2.31. Let 𝑓∗ be a numeraire for (𝑃 , 𝒬). Then for all 𝑓 ∈ ℰ𝒬,

𝑃 [log 𝑓] ≤ 𝑃 [log 𝑓∗] .

Proof.

Lemma 2.32. Let 𝑓∗ be a numeraire for (𝑃 , 𝒬). Then 𝑃 [log 𝑓∗] ≥ 0.

Proof. Use Lemma 2.31 with the e-variable 𝑓 = 1.

Lemma 2.33. Let 𝒬1 ⊆ 𝒬2. If 𝑓∗ is a numeraire for (𝑃 , 𝒬1) and 𝑓∗ ∈ ℰ𝒬2
then 𝑓∗ is also a

numeraire for (𝑃 , 𝒬2).
Proof. For 𝑓 ∈ ℰ𝒬2

, we have 𝑓 ∈ ℰ𝒬1
since 𝒬1 ⊆ 𝒬2. Then 𝑃 [𝑓/𝑓∗] ≤ 1 by the numeraire

property for (𝑃 , 𝒬1). Thus 𝑓∗ is a numeraire for (𝑃 , 𝒬2).
Lemma 2.34. Let 𝑃 ∈ 𝒫(𝒳) and 𝒬 ⊆ 𝒫(𝒳). If 𝑓∗ is a numeraire for (𝑃 , 𝒬) then

𝒰(𝑃 , 𝒬) = 𝑃 [𝑈(𝑓∗)] .

Proof.
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2.4.1 Existence of a numeraire
Lemma 2.35. Let (𝑋𝑛)𝑛∈ℕ be a sequence of measurable functions from 𝒳 to ℝ+,∞ and let
𝑄 ∈ 𝒫(𝒳). There exists a sequence of measurable functions 𝑋̃𝑛 ∈ conv(𝑋𝑛, 𝑋𝑛+1, …) and
𝑋 ∶ 𝒳 → ℝ+,∞ such that 𝑋̃𝑛 → 𝑋 𝑄-almost surely.

Proof. Proved in the Brownian motion project.

Lemma 2.36. Let 𝒬 ⊆ 𝒫(𝒳) be a set of probability measures and 𝑈 ∶ ℝ+,∞ → ℝ a concave
function which is bounded from above. Then there exists 𝑓∗ ∈ ℰ𝒬 such that

sup
𝑓∈ℰ𝒬

𝑃 [𝑈(𝑓)] = 𝑃 [𝑈(𝑓∗)] .

The properties of ℰ𝒬 we use for the proof of this lemma are convexity and the fact that if
𝑓𝑛 ∈ ℰ𝒬 then lim inf𝑛→∞ 𝑓𝑛 ∈ ℰ𝒬.

Proof. Let (𝑓𝑛)𝑛∈ℕ be a sequence of e-variables in ℰ𝒬 such that 𝑛 ↦ 𝑃[𝑈(𝑓𝑛)] is non-decreasing
and 𝑃 [𝑈(𝑓𝑛)] → sup𝑓∈ℰ𝒬

𝑃 [𝑈(𝑓)]. Let ̃𝑓𝑛 be a sequence of measurable functions and let ̃𝑓 ∶ 𝒳 →
ℝ+,∞, with ̃𝑓𝑛 ∈ conv(𝑓𝑛, 𝑓𝑛+1, …) such that ̃𝑓𝑛 → ̃𝑓 𝑃 -almost surely. That sequence exists by
Lemma 2.35. By convexity of ℰ𝒬, ̃𝑓𝑛 ∈ ℰ𝒬 for all 𝑛.

Let 𝑓∗ = lim inf𝑛→∞ ̃𝑓𝑛. Note that 𝑓∗ is a measurable function such that 𝑓∗ = ̃𝑓 𝑃 -almost
surely. We have 𝑓∗ ∈ ℰ𝒬 by an application of Fatou’s lemma: for 𝑄 ∈ 𝒬,

𝑄[𝑓∗] = 𝑄[lim inf
𝑛→∞

̃𝑓𝑛] ≤ lim inf
𝑛→∞

𝑄[ ̃𝑓𝑛] ≤ 1 .

By concavity of 𝑈 and the fact that 𝑃 [𝑈(𝑓𝑛)] is non-decreasing, we have

𝑃 [𝑈( ̃𝑓𝑛)] = 𝑃 [𝑈(
𝑚𝑛

∑
𝑖=𝑛

𝜆𝑛,𝑖𝑓𝑖)] ≥
𝑚𝑛

∑
𝑖=𝑛

𝜆𝑛,𝑖𝑃 [𝑈(𝑓𝑖)] ≥ 𝑃 [𝑈(𝑓𝑛)] .

We also have 𝑓∗ = lim sup𝑛→∞
̃𝑓𝑛 𝑃 -almost surely, hence by Fatou’s lemma (using that 𝑈 is

bounded from above),

𝑃 [𝑈(𝑓∗)] = 𝑃 [𝑈(lim sup
𝑛→∞

̃𝑓𝑛)] ≥ lim sup
𝑛→∞

𝑃 [𝑈( ̃𝑓𝑛)] ≥ lim sup
𝑛→∞

𝑃 [𝑈(𝑓𝑛)] = sup
𝑓∈ℰ𝒬

𝑃 [𝑈(𝑓)] .

Since 𝑓∗ ∈ ℰ𝒬, we also have 𝑃 [𝑈(𝑓∗)] ≤ sup𝑓∈ℰ𝒬
𝑃 [𝑈(𝑓)], which proves the equality.

Lemma 2.37. Let 𝒬 ⊆ 𝒫(𝒳) be a set of probability measures and 𝑈 ∶ ℝ+,∞ → ℝ a concave
function which is bounded from above. Then there exists 𝑓∗ ∈ ℰ𝒬 such that

sup
𝑓∈ℰ𝒬

𝑃 [𝑈(𝑓)] = 𝑃 [𝑈(𝑓∗)] ,

and such that all e-variables are 𝑃 -a.s. finite on {𝑓∗ < ∞}.

Proof. Let 𝑓0 be as in Lemma 2.36. The set {𝑓0 = ∞} is 𝒬-null by Lemma 2.12.
TODO
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Lemma 2.38. Let 𝒬 ⊆ 𝒫(𝒳) be a set of probability measures and 𝑈 ∶ ℝ+,∞ → ℝ a non-decreasing
concave 𝐶1 function which is bounded from above. Then the e-variable 𝑓∗ in Lemma 2.36 is such
that for all e-variables 𝑔 ∈ ℰ𝒬,

𝑃 [𝑈 ′(𝑓∗)(𝑔 − 𝑓∗)] ≤ 0 .

Proof. For 𝑓 ∈ ℰ𝒬, let 𝑓𝑡 = 𝑡𝑓 + (1 − 𝑡)𝑓∗ for 𝑡 ∈ [0, 1]. By concavity of 𝑈 , 𝑈(𝑓𝑡) ≥ 𝑡𝑈(𝑓) + (1 −
𝑡)𝑈(𝑓∗), hence

𝑈(𝑓𝑡) − 𝑈(𝑓∗)
𝑡 ≥ 𝑈(𝑓) − 𝑈(𝑓∗) .

TODO

Theorem 2.39 (Existence of the numeraire). Let 𝑃 ∈ 𝒫(𝒳) and 𝒬 ⊆ 𝒫(𝒳). A numeraire for
(𝑃 , 𝒬) exists and is 𝑃 -a.e. unique.

Proof.

We will write 𝐸∗
𝑃,𝒬 for the numeraire for (𝑃 , 𝒬).

2.4.2 Products
Theorem 2.40 (Numeraire of a product). Let 𝑃1 ∈ 𝒫(𝒳), 𝑃2 ∈ 𝒫(𝒴) and 𝒬1 ⊆ 𝒫(𝒳), 𝒬2 ⊆
𝒫(𝒴). Then the numeraire for the product (𝑃1 × 𝑃2, 𝒬1 × 𝒬2) is given by the product of the
numeraires for (𝑃1, 𝒬1) and (𝑃2, 𝒬2):

𝐸∗
𝑃1×𝑃2,𝒬1×𝒬2

= 𝐸∗
𝑃1,𝒬1

𝐸∗
𝑃2,𝒬2

.

Its logarithmic utility is given by

(𝑃1 × 𝑃2)[log 𝐸∗
𝑃1×𝑃2,𝒬1×𝒬2

] = 𝑃1[log 𝐸∗
𝑃1,𝒬1

] + 𝑃2[log 𝐸∗
𝑃2,𝒬2

] .

Proof. We first need to check that 𝐸∗
𝑃1,𝒬1

𝐸∗
𝑃2,𝒬2

is in ℰ𝒬1×𝒬2
. For 𝑄1 ∈ 𝒬1 and 𝑄2 ∈ 𝒬2, we

have

(𝑄1 × 𝑄2) [𝐸∗
𝑃1,𝒬1

𝐸∗
𝑃2,𝒬2

] = 𝑄1[𝐸∗
𝑃1,𝒬1

]𝑄2[𝐸∗
𝑃2,𝒬2

] ≤ 1 .

Let’s now check the numeraire property. Let 𝑓 ∈ ℰ𝒬1×𝒬2
. Let 𝐸∗

1 = 𝐸∗
𝑃1,𝒬1

and 𝐸∗
2 = 𝐸∗

𝑃2,𝒬2
.

(𝑃1 × 𝑃2) [ 𝑓
𝐸∗

1𝐸∗
2

] = 𝑃1 [ 1
𝐸∗

1
𝑃2 [ 𝑓

𝐸∗
2

]] .

If we can show that 𝑥 ↦ 𝑃2 [ 𝑓(𝑥,⋅)
𝐸∗

2
] is in ℰ𝒬1

, then we can apply the definition of the numeraire
for (𝑃1, 𝒬1) to obtain

(𝑃1 × 𝑃2) [ 𝑓
𝐸∗

1𝐸∗
2

] = 𝑃1 [ 1
𝐸∗

1
𝑃2 [ 𝑓

𝐸∗
2

]] ≤ 1 .

Let then 𝑄1 ∈ 𝒬1. We want to show that 𝑄1 [𝑃2 [ 𝑓(𝑥,⋅)
𝐸∗

2
]] ≤ 1. By Fubini’s theorem, we have

𝑄1 [𝑃2 [𝑓(𝑥, ⋅)
𝐸∗

2
]] = 𝑃2 [𝑄1 [𝑓(⋅, 𝑦)]

𝐸∗
2

] .
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It now suffices to show that 𝑦 ↦ 𝑄1 [𝑓(⋅, 𝑦)] is in ℰ𝒬2
. Let 𝑄2 ∈ 𝒬2. Then

𝑄2 [𝑦 ↦ 𝑄1 [𝑓(⋅, 𝑦)]] = (𝑄1 × 𝑄2) [𝑓] ≤ 1 .

The last inequality holds since 𝑓 ∈ ℰ𝒬1×𝒬2
.

Lemma 2.41. Let 𝒬 ⊆ 𝒫(𝒳) and 𝐻 ⊆ (𝒳 ⇝ 𝒴) be a set of Markov kernels. If 𝑓 ∈ ℰ𝒬⊗𝐻 then
for all 𝜂 ∈ 𝐻, the function 𝑥 ↦ 𝜂(𝑥)[𝑓(𝑥, ⋅)] is in ℰ𝒬.

Proof. For 𝑄 ∈ 𝒬 and 𝑓 ∈ ℰ𝒬⊗𝐻 , 𝑄[𝑥 ↦ 𝜂(𝑥)[𝑓]] = (𝑄 ⊗ 𝜂)[𝑓] ≤ 1, hence (𝑥 ↦ 𝜂(𝑥)[𝑓(𝑥, ⋅)]) ∈
ℰ𝒬.

Lemma 2.42. 𝐸∗
𝑃⊗𝜅,𝒬⊗𝜅 =(𝑃⊗𝜅)𝑎.𝑒. (𝑥, 𝑦) ↦ 𝐸∗

𝑃,𝒬(𝑥) for any Markov kernel 𝜅 ∶ 𝒳 ⇝ 𝒴.

Proof. First we need to show that 𝐸∗
𝑃,𝒬 is in ℰ𝒬⊗𝜅. It is measurable and for 𝑄 ∈ 𝒬,

(𝑄 ⊗ 𝜅) [𝐸∗
𝑃,𝒬] = 𝑄 [𝐸∗

𝑃,𝒬] ≤ 1 .

We then check the numeraire condition. By Lemma 2.41, (𝑥 ↦ 𝜅(𝑥)[𝑓]) ∈ ℰ𝒬. By the definition
of the numeraire, we then have

𝑃 [𝜅(𝑥)[𝑓]
𝐸∗

𝑃,𝒬
] ≤ 1 .

That is, (𝑃 ⊗ 𝜅) [ 𝑓
𝐸∗

𝑃,𝒬
] ≤ 1 for all 𝑓 ∈ ℰ𝒬⊗𝜅. We have proved that 𝐸∗

𝑃,𝒬 is the numeraire for
(𝑃 ⊗ 𝜅, 𝒬 ⊗ 𝜅).
Theorem 2.43. For any 𝑓 ∈ ℰ𝒬⊗𝐻, we have

(𝑃 ⊗ 𝜅) [ 𝑓
𝐸∗

𝑃,𝒬𝐸∗
𝑃⊗𝜅,{𝑃}⊗𝐻

] ≤ 1 .

Note that this proves the numeraire property for the candidate 𝐸∗
𝑃,𝒬𝐸∗

𝑃⊗𝜅,𝑃⊗𝐻, but we don’t know
if it is an e-variable, so can’t conclude that it’s the numeraire. As a consequence,

(𝑃 ⊗ 𝜅) [log 𝐸∗
𝑃⊗𝜅,𝒬⊗𝐻] ≤ 𝑃 [log 𝐸∗

𝑃,𝒬] + (𝑃 ⊗ 𝜅) [log 𝐸∗
𝑃⊗𝜅,{𝑃}⊗𝐻] .

If 𝐸∗
𝑃,𝒬𝐸∗

𝑃⊗𝜅,{𝑃}⊗𝐻 was an e-variable, then we would have equality.

Proof. Let 𝑓 ∈ ℰ𝒬⊗𝐻 .

(𝑃 ⊗ 𝜅) [ 𝑓
𝐸∗

𝑃,𝒬𝐸∗
𝑃⊗𝜅,𝑃⊗𝐻

] = (𝑃 ⊗ 𝜅) [
𝑓/𝐸∗

𝑃,𝒬
𝐸∗

𝑃⊗𝜅,𝑃⊗𝐻
] .

It suffices to show that 𝑓/𝐸∗
𝑃,𝒬 is in ℰ𝑃⊗𝐻 to obtain that this is less than 1 by the numeraire

property. Let 𝜂 ∈ 𝐻. By Lemma 2.42,

(𝑃 ⊗ 𝜂) [ 𝑓
𝐸∗

𝑃,𝒬
] = (𝑃 ⊗ 𝜂) [ 𝑓

𝐸∗
𝑃⊗𝜂,𝒬⊗𝜂

]

and since 𝑓 ∈ ℰ𝒬⊗𝐻 it is in ℰ𝒬⊗𝜂 and the numeraire property gives that this ratio is less than or
equal to 1. We conclude that 𝐸∗

𝑃,𝒬𝐸∗
𝑃⊗𝜅,𝑃⊗𝐻 satisfies the numeraire property.
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We then have

(𝑃 ⊗ 𝜅) [log 𝑓
𝐸∗

𝑃,𝒬𝐸∗
𝑃⊗𝜅,𝑃⊗𝐻

] ≤ log ((𝑃 ⊗ 𝜅) [ 𝑓
𝐸∗

𝑃,𝒬𝐸∗
𝑃⊗𝜅,𝑃⊗𝐻

]) ≤ 0 .

We conclude that

𝑃 [log 𝑓] ≤ 𝑃 [log 𝐸∗
𝑃,𝒬] + (𝑃 ⊗ 𝜅) [log 𝐸∗

𝑃⊗𝜅,𝑃⊗𝐻] .

Taking the supremum over 𝑓 ∈ ℰ𝒬⊗𝐻 , we obtain the desired inequality.

Definition 2.44. A jointly measurable function 𝑓 ∶ 𝒳 × 𝒴 → ℝ+,∞ is a conditional e-variable
for a set of Markov kernels 𝐻 ⊆ (𝒳 ⇝ 𝒴) if 𝑓(𝑥, ⋅) is in ℰ𝐻(𝑥) for all 𝑥 ∈ 𝒳 (in which 𝐻(𝑥) =
{𝜂(𝑥) ∣ 𝜂 ∈ 𝐻}). We denote the set of conditional e-variables for 𝐻 by ℰ𝐻 .

Definition 2.45. Let 𝜅 ∶ 𝒳 ⇝ 𝒴 be a Markov kernel and 𝐻 ⊆ (𝒳 ⇝ 𝒴) a set of Markov kernels.
A conditional e-variable 𝑓 for 𝐻 is a conditional numeraire for (𝜅, 𝐻) if for all 𝑥 ∈ 𝒳, the function
𝑓(𝑥, ⋅) is a numeraire for (𝜅(𝑥), 𝐻(𝑥)). We denote the conditional numeraire for (𝜅, 𝐻) by 𝐸∗

𝜅,𝐻
(if it exists).

As we will see, conditional numeraires are not always guaranteed to exist.
Question: is there always a 𝑃 -a.e. conditional numeraire? That is, a jointly measurable

function 𝑓 such that 𝑓(𝑥, ⋅) is a numeraire for (𝜅(𝑥), 𝐻(𝑥)) for only 𝑃 -almost all 𝑥 ∈ 𝒳 instead
of all 𝑥 ∈ 𝒳?

Lemma 2.46. If there exists a conditional numeraire for (𝜅, {𝜂}), then 1/𝐸∗
𝜅,{𝜂} is a Radon-

Nikodym derivative for 𝜂 with respect to 𝜅.

Proof. 1/𝐸∗
𝜅,{𝜂} is jointly measurable and satisfies for all 𝑥 ∈ 𝒳, 1/𝐸∗

𝜅,{𝜂}(𝑥, ⋅) =𝑎.𝑒.
𝑑𝜂(𝑥)
𝑑𝜅(𝑥) since

that’s the numeraire for a singleton. That’s the definition of a Radon-Nikodym derivative of
kernels.

The last lemma implies that 𝐸∗
𝜅,𝐻 will not always exist. Indeed, Radon-Nikodym derivatives

of kernels do not always exist, although weak hypotheses on 𝒳 or 𝒴 can ensure that they do. 𝒳
being countable or 𝒴 having countably generated sigma-algebra (for example 𝒴 standard Borel)
is enough.

Theorem 2.47. If a conditional numeraire exists for (𝜅, 𝐻), then 𝐸∗
𝑃⊗𝜅,𝒬⊗𝐻 =𝑎.𝑒. 𝐸∗

𝑃,𝒬𝐸∗
𝜅,𝐻.

Proof. 𝐸∗
𝜅,𝐻 is a numeraire for (𝑃 ⊗ 𝜅, {𝑃} ⊗ 𝐻), so we get the numeraire property as in Theo-

rem 2.43. We now prove that 𝐸∗
𝑃,𝒬𝐸∗

𝜅,𝐻 ∈ ℰ𝒬⊗𝐻 . Let 𝑄 ∈ 𝒬 and 𝜂 ∈ 𝐻.

(𝑄 ⊗ 𝜂) [𝐸∗
𝑃,𝒬𝐸∗

𝜅,𝐻] = 𝑄 [𝑥 ↦ 𝐸∗
𝑃,𝒬(𝑥)𝜂(𝑥) [𝐸∗

𝜅(𝑥),𝐻(𝑥)]] .

For all 𝑥, 𝜂(𝑥) [𝐸∗
𝜅(𝑥),𝐻(𝑥)] ≤ 1, since 𝐸∗

𝜅(𝑥),𝐻(𝑥) is an e-variable for 𝐻(𝑥).

(𝑄 ⊗ 𝜂) [𝐸∗
𝑃,𝒬𝐸∗

𝜅,𝐻] ≤ 𝑄 [𝑥 ↦ 𝐸∗
𝑃,𝒬(𝑥)] ≤ 1 .

Lemma 2.48. Let 𝜅 ∶ 𝒳 ⇝ 𝒴 be a Markov kernel and 𝐻 ⊆ (𝒳 ⇝ 𝒴) a set of Markov kernels. If
𝒳 is countable with measurable singletons then there exists a conditional numeraire for (𝜅, 𝐻).
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Proof. For each 𝑥 ∈ 𝒳, we can apply Theorem 2.39 to the Markov kernel 𝜅(𝑥) and the set of
kernels 𝐻(𝑥) to obtain a numeraire 𝐸∗

𝜅(𝑥),𝐻(𝑥). If 𝒳 is countable, we can simply take the function
𝐸∗

𝜅,𝐻(𝑥, 𝑦) = 𝐸∗
𝜅(𝑥),𝐻(𝑥)(𝑦), and the countability ensures the joint measurability.

Theorem 2.49. Let 𝜅 ∶ 𝒳 ⇝ 𝒴 be a Markov kernel and 𝐻 ⊆ (𝒳 ⇝ 𝒴) a set of Markov kernels.
If either 𝒳 is countable or 𝒴 is countably generated, then there exists a conditional numeraire
for (𝜅, 𝐻).
Proof. The case of countable 𝒳 is covered by Lemma 2.48. (TODO: only for measurable single-
tons though)

TODO: 𝜅 ≪ 𝐻 hyp?
Let’s now consider the case where 𝒴 is countably generated. Then there exists a sequence

of finer and finer partitions of 𝒴 into finitely many measurable sets (𝐴𝑛,𝑚)𝑛∈ℕ,𝑚≤2𝑛 with 𝒴 =
⋃𝑚≤2𝑛 𝐴𝑛,𝑚 for all 𝑛, and such that the sigma-algebra on 𝒴 is the 𝜎-algebra generated by the sets
𝐴𝑛,𝑚. Let ℱ be the filtration generated by the successive partitions, that is, ℱ𝑛 = 𝜎({𝐴𝑛,𝑚 ∣
𝑚 ≤ 2𝑛}).

TODO

2.4.3 Reverse information projection and duality.
Definition 2.50. Let 𝑃 ∈ 𝒫(𝒳) and 𝒬 ⊆ 𝒫(𝒳). The reverse information projection (RIPr) of
𝑃 onto 𝒬 is the finite measure 𝑃 ∗

𝒬 absolutely continuous with respect to 𝑃 such that

𝑑𝑃 ∗
𝒬

𝑑𝑃 = 1
𝐸∗

𝑃,𝒬
.

It satisfies 𝑃 ∗
𝒬[𝒳] ≤ 1 and the inequality can be strict.

Definition 2.51. For a set of probability measures 𝒬 ⊆ 𝒫(𝒳), the effective set of measures 𝒬eff
is the set {𝜇 ∈ ℳ+(𝒳) ∣ ∀𝑓 ∈ ℰ𝒬, 𝜇[𝑓] ≤ 1}.

We could also define the effective set of measures for randomized E-variables, but it actually
gives the same set.

Lemma 2.52. Let 𝒬 ⊆ 𝒫(𝒳) be a set of probability measures. The effective set 𝒬eff is convex
and satisfies 0 ∈ 𝒬eff and 𝒬 ⊆ 𝒬eff.

Proof.

Lemma 2.53. Let 𝑄 ∈ 𝒫(𝒳) be a probability measure. Then {𝑄}eff = {𝑄′ ∈ ℳ(𝒳) ∣ 𝑄′ ≤ 𝑄},
in which 𝑄′ ≤ 𝑄 means that 𝑄′(𝐴) ≤ 𝑄(𝐴) for all measurable sets 𝐴 ⊆ 𝒳.

Proof.

{𝑄}eff = {𝑄′ ∈ ℳ(𝒳) ∣ ∀𝑓, (∀𝑄″ ∈ {𝑄}, 𝑄″[𝑓] ≤ 1) ⟹ 𝑄′[𝑓] ≤ 1}
= {𝑄′ ∈ ℳ(𝒳) ∣ ∀𝑓, 𝑄[𝑓] ≤ 1 ⟹ 𝑄′[𝑓] ≤ 1}

This is the set of finite measures {𝑄′ ∣ 𝑄′ ≤ 𝑄}. Indeed, if 𝑄′ ≤ 𝑄, then for all 𝑓 with 𝑄[𝑓] ≤ 1,
𝑄′[𝑓] ≤ 𝑄[𝑓] ≤ 1. Conversely, if 𝑄′ is such that (∀𝑓, 𝑄[𝑓] ≤ 1 ⟹ 𝑄′[𝑓] ≤ 1), then for any
measurable set 𝐴, we can take the measurable function 𝑓 = 𝑄(𝐴)−1 ⋅ 𝕀𝐴 (in which 0−1 = ∞) to
obtain 𝑄′(𝐴) ≤ 𝑄(𝐴).
Lemma 2.54. Let 𝒬 ⊆ 𝒫(𝒳) and let 𝜅 ∶ 𝒳 ⇝ 𝒴 be a Markov kernel. Then 𝜅 ∘ 𝒬eff ⊆ (𝜅 ∘ 𝒬)eff.
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Proof.

𝜅 ∘ 𝒬eff = {𝜅 ∘ 𝑄 ∣ ∀𝑓, (∀𝑄′ ∈ 𝒬, 𝑄′[𝑓] ≤ 1) ⟹ 𝑄[𝑓] ≤ 1}
(𝜅 ∘ 𝒬)eff = {𝑅 ∣ ∀𝑓, (∀𝑄′ ∈ 𝒬, (𝜅 ∘ 𝑄′)[𝑓] ≤ 1) ⟹ 𝑅[𝑓] ≤ 1}

Let 𝜅 ∘ 𝑄 ∈ 𝜅 ∘ 𝒬eff and 𝑓 such that ∀𝑄′ ∈ 𝒬, (𝜅 ∘ 𝑄′)[𝑓] ≤ 1. That is, ∀𝑄′ ∈ 𝒬, 𝑄′[𝑥 ↦
𝜅(𝑥)[𝑓]] ≤ 1. Then since 𝑄 ∈ 𝒬eff, we have 𝑄[𝑥 ↦ 𝜅(𝑥)[𝑓]] ≤ 1. We have proved that 𝜅 ∘ 𝑄 ∈
(𝜅 ∘ 𝒬)eff.

Lemma 2.55. Let 𝒬1 ⊆ 𝒬2 ⊆ 𝒫(𝒳) be two sets of probability measures. Then 𝒬1,eff ⊆ 𝒬2,eff.

Proof. Since 𝒬1 ⊆ 𝒬2 we have ℰ𝒬2
⊆ ℰ𝒬1

(Lemma 2.2). Then

𝒬1,eff = {𝜇 ∈ ℳ+(𝒳) ∣ ∀𝑓 ∈ ℰ𝒬1
, 𝜇[𝑓] ≤ 1}

⊆ {𝜇 ∈ ℳ+(𝒳) ∣ ∀𝑓 ∈ ℰ𝒬2
, 𝜇[𝑓] ≤ 1}

= 𝒬2,eff .

Let KL(𝑃 , 𝑄) be the Kullback-Leibler divergence from 𝑃 to 𝑄, defined for finite measures as

KL(𝑃 , 𝑄) = {𝑃[log 𝑑𝑃
𝑑𝑄 ] if 𝑃 ≪ 𝑄

+∞ otherwise
.

Note that we don’t correct the divergence if 𝑃 and 𝑄 are not probability measures.

Theorem 2.56. Let 𝑃 ∈ 𝒫(𝒳) and 𝒬 ⊆ 𝒫(𝒳). If 𝑃 ≪ 𝒬 then

𝑃 [log 𝐸∗
𝑃,𝒬] = sup

𝑓∈ℰ𝒬

𝑃 [log 𝑓] = inf
𝜇∈𝒬eff

KL(𝑃 , 𝜇) = KL(𝑃 , 𝑃 ∗
𝒬) .

Proof.

Lemma 2.57. Let 𝑃 , 𝑄 ∈ 𝒫(𝒳) be two probability measures with 𝑃 ≪ 𝑄. Then

sup
𝑓∈ℰ{𝑄}

𝑃 [log 𝑓] = KL(𝑃 , 𝑄) .

Proof. Since KL is non-increasing in the second argument,

inf
𝑄′≤𝑄

KL(𝑃 , 𝑄′) = KL(𝑃 , 𝑄) .

Since {𝑄}eff = {𝑄′ ∈ ℳ(𝒳) ∣ 𝑄′ ≤ 𝑄} (Lemma 2.53), we obtained KL(𝑃 , 𝑄) = inf𝑄′∈{𝑄}eff
KL(𝑃 , 𝑄′).

By the duality of numeraire and KL divergence (Theorem 2.56), we have

sup
𝑓∈ℰ{𝑄}

𝑃 [log 𝑓] = inf
𝑄′∈{𝑄}eff

KL(𝑃 , 𝑄′) = KL(𝑃 , 𝑄) .
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KL data processing from e-variables The data processing inequality for the numeraire
utility implies the data processing inequality for KL divergences.

Theorem 2.58. Let 𝑃 , 𝑄 ∈ 𝒫(𝒳). Then for all Markov kernels 𝜅 ∶ 𝒳 ⇝ 𝒴,

KL(𝑃 , 𝑄) ≥ KL(𝜅 ∘ 𝑃 , 𝜅 ∘ 𝑄) .

Proof. By Lemma 2.57, KL(𝑃 , 𝑄) = sup𝑓∈ℰ{𝑄}
𝑃 [log 𝑓]. Then by Lemma 2.24, we have

sup
𝑓∈ℰ{𝑄}

𝑃 [log 𝑓] ≥ sup
𝑔∈ℰ{𝜅∘𝑄}

(𝜅 ∘ 𝑃)[log 𝑔] .

And that last term is KL(𝜅 ∘ 𝑃 , 𝜅 ∘ 𝑄), again by Lemma 2.57.
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Chapter 3

e-Rényi and e-Chernoff
divergences

Definition 3.1. The e-Rényi divergence of order 𝛼 ∈ (0, 1) between two sets of probability
measures 𝒫, 𝒬 ⊆ 𝒫(𝒳) is defined as

eR𝛼(𝒫, 𝒬) = 1
1 − 𝛼 inf

𝑅∈𝒫(𝒳)
(𝛼𝒰(𝑅, 𝒫) + (1 − 𝛼)𝒰(𝑅, 𝒬)) ,

for 𝒰log the max-utility corresponding to the logarithmic utility.

Definition 3.2.

eC𝛼(𝒫, 𝒬) = inf
𝑅∈𝒫(𝒳)

max {𝒰(𝑅, 𝒫), 𝒰log(𝑅, 𝒬)} .

Lemma 3.3. Let 𝒫′ ⊆ 𝒫 and 𝒬′ ⊆ 𝒬. Then, for all 𝛼 ∈ (0, 1),

eR𝛼(𝒫′, 𝒬′) ≥ eR𝛼(𝒫, 𝒬) .

Proof.

Lemma 3.4. Let 𝒫′ ⊆ 𝒫 and 𝒬′ ⊆ 𝒬. Then

eC𝛼(𝒫′, 𝒬′) ≥ eC𝛼(𝒫, 𝒬) .

Proof.

Lemma 3.5. Let 𝜅 ∶ 𝒳 ⇝ 𝒴 be Markov kernel. Then

eR𝛼(𝜅 ∘ 𝒫, 𝜅 ∘ 𝒬) ≤ eR𝛼(𝒫, 𝒬) .

Proof.

Lemma 3.6. Let 𝑓 ∶ 𝒳 → 𝒴 be a measurable map. Then

eR𝛼(𝑓∗𝒫, 𝑓∗𝒬) ≤ eR𝛼(𝒫, 𝒬) .
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Proof.

Lemma 3.7. Let 𝜅 ∶ 𝒳 ⇝ 𝒴 be Markov kernel. Then

eC𝛼(𝜅 ∘ 𝒫, 𝜅 ∘ 𝒬) ≤ eC𝛼(𝒫, 𝒬) .

Proof.

Lemma 3.8. Let 𝑓 ∶ 𝒳 → 𝒴 be a measurable map. Then

eC𝛼(𝑓∗𝒫, 𝑓∗𝒬) ≤ eC𝛼(𝒫, 𝒬) .

Proof.

Lemma 3.9. For 𝛼 ∈ (0, 1), if eR𝛼(𝒫, 𝒬) < ∞, then

eR𝛼(𝒫, 𝒬) = 1
1 − 𝛼 inf

𝑅∈𝒫(𝒳), 𝑅≪𝒫, 𝑅≪𝒬
(𝛼𝒰log(𝑅, 𝒫) + (1 − 𝛼)𝒰log(𝑅, 𝒬)) .

That is, the infimum defining eR𝛼(𝒫, 𝒬) can be restricted to measures 𝑅 that are absolutely
continuous with respect to both 𝒫 and 𝒬.

TODO: can we drop the finiteness assumption?

Proof. If 𝑅 is not absolutely continuous with respect to 𝒫, then 𝒰log(𝑅, 𝒫) = ∞ by Lemma 2.19.
Similarly, if 𝑅 is not absolutely continuous with respect to 𝒬, then 𝒰log(𝑅, 𝒬) = ∞. Hence, in
both cases, the term 𝛼𝒰log(ℛ, 𝒫) + (1 − 𝛼)𝒰log(ℛ, 𝒬) is infinite and does not contribute to the
infimum defining eR𝛼(𝒫, 𝒬).
Corollary 3.10. For 𝛼 ∈ (0, 1), if eR𝛼(𝒫, 𝒬) < ∞ and there exists a measurable set 𝐴 with
𝑃(𝐴𝑐) = 0 and 𝑄(𝐴𝑐) = 0 for all 𝑃 ∈ 𝒫 and 𝑄 ∈ 𝒬, then

eR𝛼(𝒫, 𝒬) = 1
1 − 𝛼 inf

𝑅∈𝒫(𝒳), 𝑅(𝐴𝑐)=0
(𝛼𝒰log(𝑅, 𝒫) + (1 − 𝛼)𝒰log(𝑅, 𝒬)) .

That is, the infimum defining eR𝛼(𝒫, 𝒬) can be restricted to measures 𝑅 supported on 𝐴.

Proof. We apply Lemma 3.9 and note that any measure 𝑅 that is absolutely continuous with
respect to both 𝒫 and 𝒬 must satisfy 𝑅(𝐴𝑐) = 0.

Lemma 3.11. Let 𝜙 ∶ 𝒳 → 𝒴 be a measurable embedding. Then

eR𝛼(𝜙∗𝒫, 𝜙∗𝒬) = eR𝛼(𝒫, 𝒬) .

Proof. By Lemma 3.6, we have eR𝛼(𝜙∗𝒫, 𝜙∗𝒬) ≤ eR𝛼(𝒫, 𝒬). Then either both sides are infinite
and we are done, or the left hand side is finite.

Let 𝐴 = 𝜙(𝒳) ⊆ 𝒴. Then for all 𝑃 ∈ 𝒫 and 𝑄 ∈ 𝒬, we have 𝜙∗𝑃(𝐴𝑐) = 0 and 𝜙∗𝑄(𝐴𝑐) = 0.
By Corollary 3.10, we can restrict the infimum defining eR𝛼(𝜙∗𝒫, 𝜙∗𝒬) to measures supported
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on 𝐴. Since 𝜙 is an embedding, every measure supported on 𝐴 is of the form 𝜙∗𝑅 for some
𝑅 ∈ 𝒫(𝒳) (take 𝑅 = 𝜙−1

∗ 𝑅′, in which 𝜙−1 is a partial inverse on the range of 𝜙).

eR𝛼(𝜙∗𝒫, 𝜙∗𝒬) = 1
1 − 𝛼 inf

𝑅′∈𝒫(𝒴), 𝑅′(𝐴𝑐)=0
(𝛼𝒰log(𝑅′, 𝜙∗𝒫) + (1 − 𝛼)𝒰log(𝑅′, 𝜙∗𝒬))

= 1
1 − 𝛼 inf

𝑅∈𝒫(𝒳)
(𝛼𝒰log(𝜙∗𝑅, 𝜙∗𝒫) + (1 − 𝛼)𝒰log(𝜙∗𝑅, 𝜙∗𝒬)) .

Using then Lemma 2.26, we get

eR𝛼(𝜙∗𝒫, 𝜙∗𝒬) = 1
1 − 𝛼 inf

𝑅∈𝒫(𝒳)
(𝛼𝒰log(𝑅, 𝒫) + (1 − 𝛼)𝒰log(𝑅, 𝒬))

= eR𝛼(𝒫, 𝒬) .

Lemma 3.12.

𝒰(𝑃1 ⊗ 𝑃2, 𝒬1 ⊗ 𝒬2) = 𝒰(𝑃1, 𝒬1) + 𝒰(𝑃2, 𝒬2) .

Proof.

Lemma 3.13.

eR𝛼(𝒫1 ⊗ 𝒫2, 𝒬1 ⊗ 𝒬2) = eR𝛼(𝒫1, 𝒬1) + eR𝛼(𝒫2, 𝒬2) .

Proof.

Lemma 3.14.

eC𝛼(𝒫1 ⊗ 𝒫2, 𝒬1 ⊗ 𝒬2) ≤ eC𝛼(𝒫1, 𝒬1) + eC𝛼(𝒫2, 𝒬2) .

Proof.

Lemma 3.15. Let 𝒫, 𝒬 ⊆ 𝒫(𝒳) be two sets of probability measures. Suppose that there exists a
measurable map 𝜙 ∶ 𝒳 → 𝒳 such that 𝜙 ∘ 𝜙 = id and 𝜙∗𝒫 = 𝒬. Then

eR1/2(𝒫, 𝒬) = 2 inf
𝑅∈𝒫(𝒳), 𝜙∗𝑅=𝑅

𝒰log(𝑅, 𝒫) .

Proof. First consider an arbitrary 𝑅 ∈ 𝒫(𝒳). Then 𝑅′ = 1
2 (𝑅 + 𝜙∗𝑅) satisfies 𝜙∗𝑅′ = 𝑅′ and

by convexity (Lemma 2.20) and Lemma 2.27,

1
2𝒰log(𝑅′, 𝒫) + 1

2𝒰log(𝑅′, 𝒬) ≤ 1
2 (1

2𝒰log(𝑅, 𝒫) + 1
2𝒰log(𝑅, 𝒬))

+ 1
2 (1

2𝒰log(𝜙∗𝑅, 𝒫) + 1
2𝒰log(𝜙∗𝑅, 𝒬))

= 1
2𝒰log(𝑅, 𝒫) + 1

2𝒰log(𝑅, 𝒬) .

Hence we can restrict the infimum defining eR1/2(𝒫, 𝒬) to measures 𝑅 such that 𝜙∗𝑅 = 𝑅.
For such measures, by Lemma 2.27, 𝒰log(𝑅, 𝒬) = 𝒰log(𝜙∗𝑅, 𝒫) = 𝒰log(𝑅, 𝒫) and we get the
result.
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Lemma 3.16. Let 𝒫, 𝒬 ⊆ 𝒫(𝒳) be two sets of probability measures. Suppose that there exists a
measurable map 𝜙 ∶ 𝒳 → 𝒳 such that 𝜙 ∘ 𝜙 = id and 𝜙∗𝒫 = 𝒬. Then

eC(𝒫, 𝒬) = inf
𝑅∈𝒫(𝒳), 𝜙∗𝑅=𝑅

𝒰log(𝑅, 𝒫) .

Proof. Similar to the proof of Lemma 3.15.

Lemma 3.17. Let 𝒫, 𝒬 ⊆ 𝒫(𝒳) be two sets of probability measures. Suppose that there exists a
measurable map 𝜙 ∶ 𝒳 → 𝒳 such that 𝜙 ∘ 𝜙 = id and 𝜙∗𝒫 = 𝒬. Then

eR1/2(𝒫, 𝒬) = 2 eC(𝒫, 𝒬) .

Proof. Use Lemmas 3.15 and 3.16.
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Chapter 4

Lower bounds on e-Rényi and
e-Chernoff divergences

4.1 Separation lower bound
Lemma 4.1. Let 𝑎 ≤ 𝑏 ∈ [0, 1]. Let 𝒟≤𝑎 = {𝑃 ∈ 𝒫([0, 1]) ∣ 𝑃 [id] ≤ 𝑎} and 𝒟≥𝑏 = {𝑃 ∈
𝒫([0, 1]) ∣ 𝑃 [id] ≥ 𝑏} be sets of distributions on [0, 1] with mean constraints. Let 𝐵≤𝑎 = {Ber(𝑝) ∣
𝑝 ≤ 𝑎} and 𝐵≥𝑎 = {Ber(𝑝) ∣ 𝑝 ≥ 𝑎} be sets of Bernoulli distributions with the same constraints.
Then

eR1/2(𝒟≤𝑎, 𝒟≥𝑏) = eR1/2(𝐵≤𝑎, 𝐵≥𝑏) .
Proof. First, by Lemma 3.3, since 𝐵≤𝑎 ⊆ 𝒟≤𝑎 and 𝐵≥𝑏 ⊆ 𝒟≥𝑏, we have

eR1/2(𝒟≤𝑎, 𝒟≥𝑏) ≤ eR1/2(𝐵≤𝑎, 𝐵≥𝑏) .
For the reverse inequality, we use the data processing inequality for e-Rényi divergence (Lemma 3.5).
Let 𝜅 ∶ [0, 1] ⇝ {0, 1} be the Markov kernel defined by 𝜅(𝑥) = Ber(𝑥) (the Bernoulli distribution
with parameter 𝑥). Then for 𝑃 ∈ 𝒫([0, 1]), 𝜅∘𝑃 is a Bernoulli distribution with parameter 𝑃 [id],
and thus 𝜅 ∘ 𝒟≤𝑎 = 𝐵≤𝑎 and 𝜅 ∘ 𝒟≥𝑏 = 𝐵≥𝑏. By Lemma 3.5,

eR1/2(𝐵≤𝑎, 𝐵≥𝑏) ≤ eR1/2(𝒟≤𝑎, 𝒟≥𝑏) .

Lemma 4.2. Let 𝛿 ∈ [0, 1/2] and let 𝐵≤𝛿 = {Ber(𝑝) ∣ 𝑝 ≤ 𝛿}. Then

ℰ𝐵≤𝛿
= {𝑓 ∶ {0, 1} → ℝ+,∞ measurable ∣ ∃𝜆 ∈ [0, 1

𝛿 ] , ∀𝑥 ∈ {0, 1}, 𝑓(𝑥) ≤ 1 + 𝜆(𝑥 − 𝛿)} .

Proof. It is easy to check that the set on the right is included in ℰ𝐵≤𝛿
.

The constraint on an e-variable 𝑓 for 𝐵≤𝛿 is that for all 𝑝 ≤ 𝛿,

(1 − 𝑝)𝑓(0) + 𝑝𝑓(1) ≤ 1 .
For 𝑝 = 0 and 𝑝 = 𝛿 we thus get the two constraints

𝑓(0) ≤ 1 ,

𝑓(1) ≤ 1 + 1 − 𝑓(0)
𝛿 (1 − 𝛿) .
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Let 𝜆 = 1−𝑓(0)
𝛿 . Then 𝜆 ∈ [0, 1

𝛿 ] and the second constraint can be rewritten as 𝑓(1) ≤ 1+𝜆(1−𝛿).
We need to check that we also have 𝑓(0) ≤ 1 + 𝜆(0 − 𝛿), but the expression on the right is equal
to 𝑓(0) by definition of 𝜆.

Lemma 4.3. Let 𝛿 ∈ [0, 1/2] and let 𝐵≤𝛿 = {Ber(𝑝) ∣ 𝑝 ≤ 𝛿}. Then

𝒰log(Ber(1/2), 𝐵≤𝛿) = 1
2 log 1

4𝛿(1 − 𝛿) .

Proof. We first compute ℰ𝐵≤𝛿
with Lemma 4.2. We thus know that we can restrict the supremum

over 𝑓 ∈ ℰ𝐵≤𝛿
to functions of the form 𝑓(𝑥) = 1 + 𝜆(𝑥 − 𝛿) for some 𝜆 ∈ [0, 1

𝛿 ].

𝒰log(Ber(1/2), 𝐵≤𝛿) = sup
𝜆∈[0, 1

𝛿 ]

1
2 log(1 + 𝜆(0 − 𝛿)) + 1

2 log(1 + 𝜆(1 − 𝛿))

= 1
2 log sup

𝜆∈[0, 1
𝛿 ]

((1 − 𝜆𝛿)(1 + 𝜆(1 − 𝛿))) .

The function (1 − 𝜆𝛿)(1 + 𝜆(1 − 𝛿)) reaches its maximum at 𝜆∗ = 1−2𝛿
2𝛿(1−𝛿) which is in the interval

[0, 1
𝛿 ] since 𝛿 ∈ [0, 1/2]. Its value at the optimum is 1

4𝛿(1−𝛿) .

Lemma 4.4. Let 𝛿 ∈ [0, 1/2]. Let 𝐵≤𝛿 = {Ber(𝑝) ∣ 𝑝 ≤ 𝛿} and 𝐵≥1−𝛿 = {Ber(𝑝) ∣ 𝑝 ≥ 1 − 𝛿} be
sets of Bernoulli distributions with mean constraints. Then

eR1/2(𝐵≤𝛿, 𝐵≥1−𝛿) = log 1
4𝛿(1 − 𝛿) .

Proof. By Lemma 3.15 for the map 𝜙 ∶ {0, 1} → {0, 1} defined by 𝜙(0) = 1 and 𝜙(1) = 0, we
have

eR1/2(𝐵≤𝛿, 𝐵≥1−𝛿) = 2 inf
𝑅∈𝒫({0,1}), 𝜙∗𝑅=𝑅

𝒰log(𝑅, 𝐵≤𝛿)

= 2𝒰log (Ber(1/2), 𝐵≤𝛿) .

We now use Lemma 4.3 to conclude.

Lemma 4.5. Let 𝛿 ∈ [0, 1/2]. Let 𝐵≤𝛿 = {Ber(𝑝) ∣ 𝑝 ≤ 𝛿} and 𝐵≥1−𝛿 = {Ber(𝑝) ∣ 𝑝 ≥ 1 − 𝛿} be
sets of Bernoulli distributions with mean constraints. Then

eC(𝐵≤𝛿, 𝐵≥1−𝛿) = 1
2 log 1

4𝛿(1 − 𝛿) .

Proof. By Lemma 3.17, we have

eC(𝐵≤𝛿, 𝐵≥1−𝛿) = 1
2 eR1/2(𝐵≤𝛿, 𝐵≥1−𝛿) .

We now use Lemma 4.4 to conclude.

Lemma 4.6. Let 𝛿 ∈ [0, 1/2]. Let 𝒟≤𝛿 = {𝑃 ∈ 𝒫([0, 1]) ∣ 𝑃 [id] ≤ 𝛿} and 𝒟≥1−𝛿 = {𝑃 ∈
𝒫([0, 1]) ∣ 𝑃 [id] ≥ 1 − 𝛿} be sets of distributions on [0, 1] with mean constraints. Then

eR1/2(𝒟≤𝛿, 𝒟≥1−𝛿) = log 1
4𝛿(1 − 𝛿) .
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Proof. By Lemma 4.1, we have

eR1/2(𝒟≤𝛿, 𝒟≥1−𝛿) = eR1/2(𝐵≤𝛿, 𝐵≥1−𝛿) .
We now use Lemma 4.4 to conclude.

Lemma 4.7. Let 𝛿 ∈ [0, 1/2]. Let 𝒟≤𝛿 = {𝑃 ∈ 𝒫([0, 1]) ∣ 𝑃 [id] ≤ 𝛿} and 𝒟≥1−𝛿 = {𝑃 ∈
𝒫([0, 1]) ∣ 𝑃 [id] ≥ 1 − 𝛿} be sets of distributions on [0, 1] with mean constraints. Then

eC(𝒟≤𝛿, 𝒟≥1−𝛿) = 1
2 log 1

4𝛿(1 − 𝛿) .

Proof. By Lemma 3.17, we have

eC(𝒟≤𝛿, 𝒟≥1−𝛿) = 1
2 eR1/2(𝒟≤𝛿, 𝒟≥1−𝛿) .

We now use Lemma 4.6 to conclude.

Theorem 4.8. Let 𝒫, 𝒬 ⊆ 𝒫(𝒳) be two sets of probability measures. Suppose that there exists
a measurable function 𝑓0 ∶ 𝒳 → ℝ+,∞ which is less than 1 and 𝛿 ∈ [0, 1/2] such that

∀𝑃 ∈ 𝒫, 𝑃 [𝑓0] ≤ 𝛿 ,
∀𝑄 ∈ 𝒬, 𝑄[𝑓0] ≥ 1 − 𝛿 .

Then

eR1/2(𝒫, 𝒬) ≥ log 1
4𝛿(1 − 𝛿) .

Proof. By Lemma 3.6 for the function 𝑓0, we have

eR1/2(𝒫, 𝒬) ≥ eR1/2(𝑓0 ∘ 𝒫, 𝑓0 ∘ 𝒬) .
𝑓0 ∘ 𝒫 ⊆ {𝑃 ∈ 𝒫([0, 1]) ∣ 𝑃 [id] ≤ 𝛿} and 𝑓0 ∘ 𝒬 ⊆ {𝑃 ∈ 𝒫([0, 1]) ∣ 𝑃 [id] ≥ 1 − 𝛿}. By Lemma 3.3,
we thus have

eR1/2(𝑓0 ∘ 𝒫, 𝑓0 ∘ 𝒬) ≥ eR1/2(𝒟≤𝛿, 𝒟≥1−𝛿) .
We now use Lemma 4.6 to conclude.

Theorem 4.9. Let 𝒫, 𝒬 ⊆ 𝒫(𝒳) be two sets of probability measures. Suppose that there exists
a measurable function 𝑓0 ∶ 𝒳 → ℝ+,∞ which is less than 1 and 𝛿 ∈ [0, 1/2] such that

∀𝑃 ∈ 𝒫, 𝑃 [𝑓0] ≤ 𝛿 ,
∀𝑄 ∈ 𝒬, 𝑄[𝑓0] ≥ 1 − 𝛿 .

Then

eC(𝒫, 𝒬) ≥ 1
2 log 1

4𝛿(1 − 𝛿) .

Proof. By Lemma 3.8 for the function 𝑓0, we have

eC(𝒫, 𝒬) ≥ eC(𝑓0 ∘ 𝒫, 𝑓0 ∘ 𝒬) .
𝑓0 ∘ 𝒫 ⊆ {𝑃 ∈ 𝒫([0, 1]) ∣ 𝑃 [id] ≤ 𝛿} and 𝑓0 ∘ 𝒬 ⊆ {𝑃 ∈ 𝒫([0, 1]) ∣ 𝑃 [id] ≥ 1 − 𝛿}. By Lemma 3.4,
we thus have

eC(𝑓0 ∘ 𝒫, 𝑓0 ∘ 𝒬) ≥ eC(𝒟≤𝛿, 𝒟≥1−𝛿) .
We now use Lemma 4.7 to conclude.
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4.2 Data processing inequality through KL duality

sup
𝑓∈ℰ𝒬

𝑃 [log 𝑓] = inf
𝑄∈𝒬eff

KL(𝑃 , 𝑄)

≥ inf
𝑄∈𝒬eff

KL(𝜅 ∘ 𝑃 , 𝜅 ∘ 𝑄)

= inf
𝑄′∈𝜅∘𝒬eff

KL(𝜅 ∘ 𝑃 , 𝑄′)

≥ inf
𝑄′∈(𝜅∘𝒬)eff

KL(𝜅 ∘ 𝑃 , 𝑄′)

= sup
𝑔∈ℰ𝜅∘𝒬

(𝜅 ∘ 𝑃)[log 𝑔] .

The first inequality is the data processing inequality for KL divergence. The second inequality
comes from 𝜅 ∘ 𝒬eff ⊆ (𝜅 ∘ 𝒬)eff, which we proved in Lemma 2.54.
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