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Chapter 1

Extended real numbers and their
integral

TODO: describe the extended real numbers and the conventions used for their operations.
Definition 1.1. The set of extended non-negative real numbers is R, ., = R, U {+oc}.
Definition 1.2. The set of extended real numbers is R = R U {+00, —c0}.
TODO: addition and multiplication conventions
Definition 1.3. The logarithm as a function from R, . to R is defined as
—00 ifr=0

log(z) = < the usual logarithm if z € (0, +o0)

+00 if x =400

A good property of the conventions chosen for addition and multiplication is that the usual
properties of logarithm hold. In particular, for all z,y € R, ., log(xy) = log(z) + log(y).
TODO: positive and negative parts of an extended real number

Definition 1.4. For f: Q — R and p a measure on (2, we define the extended integral of f with
respect to p as

/w Fw) dpe = / £ () du— / F(w)dp,

where f* = max(f,0) and f~ = —min(f,0), and their integrals are Lebesgue integrals, possibly
taking the value +o0.



Chapter 2

E-variables

Notation Let X, Y be measurable spaces. We denote by P(X) the set of probability measures
on X and write k : '« Y to mean that s is a Markov kernel from X to Y. IRJDOo is the set of
nonnegative reals extended with +o0o and R is the set of reals extended with —oco and +oo.

A measure will always denote a nonnegative measure. We will specify when we mean a signed
measure.

The central object of this study are E-variables, which are measurable functions that are

bounded in expectation by 1 for all probability measures in a set Q.

Definition 2.1. An E-variable for a set of probability measures O C P(X) is a measurable
function f: X — R, ., such that for all Q € O, Q[f] < 1.

We denote by &, the set of E-variables for a set of probability measures Q.
Lemma 2.2. If P C O C P(X) then E5 C Ep.
Proof. O

We introduce randomized E-variables, which are Markov kernels that can be seen as random-
ized versions of E-variables. The main difference is that they are allowed to be randomized, i.e.,
they can return a distribution over R, instead of a single value. This generalization is mainly
useful thanks to the compositional properties it provides, as we will see in Lemma 2.22.

Definition 2.3. A randomized E-variable for a set of distributions Q C P(X’) is a Markov kernel
n:X R,  such that for all Q € O, (noQ)[id] < 1.

We denote by EE the set of randomized E-variables for a set of probability measures Q. Since
measurable functions can be seen as deterministic Markov kernels, we have £, C & g. Indeed,
Q[f] = (65 o Q)[id], in which 6, : X »» R is such that d;(x) is the dirac distribution at f(z).

+,00

Lemma 2.4. A Markov kerneln: X ~» R, is a randomized E-variable for a set of probability
measures O C P(X) if and only if the measurable function f : X — R, . defined by f(zx) =
n(x)[id] is an E-variable for Q.

Proof. O



2.1 Almost everywhere with respect to a set of measures

Definition 2.5. Let O C M(X) be a set of measures. A set S C X is said to be Q-null if
Q[S] =0 for all Q € Q. A property p : X' — Bool is said to hold Q-almost everywhere (denoted
by Q-a.e.) if the set {z | —=p(x)} is O-null.

For a measure P € M (X'), we can define the almost everywhere filter aep of sets with P-null
complement.

Lemma 2.6. A set S C X has a Q-null complement iff S € |_|QEQ aeq-
Proof. By definition of the ae filter and of a supremum of filters. O

Definition 2.7. Let P € M(X) and let Q C M(X) be a set of measures. We say that P is
absolutely continuous with respect to Q (denoted by P « Q) if all O-null sets are P-null sets.

Lemma 2.8. Let P € M(X) and let Q C M(X). Then P < Q iff aep < UQegaeQ.
Proof. O

Lemma 2.9. For P € M(X) and Q C M(X), there is a unique decomposition P = P, + P,
with P,, < Q and P, 1 O (meaning that there exists a Q-null set A with P (A°) =0).

Proof. O

Definition 2.10. The singular set of P with respect to Q is a O-null set A such that the singular
part P, satisfies P, (A°) = 0.

Lemma 2.11. The singular set of P with respect to Q is unique up to P and Q-null sets.
Proof. O

Lemma 2.12. Let Q C P(X) be a set of probability measures and let f be an E-variable for Q.
Then the set {f = oo} is O-null.

Proof. Let Q € Q. Since f is an E-variable for Q, we have Q[f] < 1. Hence Q[{f = c}] =0. O

2.2 Utility and maximal utility

Definition 2.13. We call utility a function U : R,  — R which is non-decreasing, concave,
finite except perhaps at 0 and oo, continuous, and continuously differentiable on (0, c0).

Definition 2.14. The logarithm satisfies the properties of a utility function and we call it
logarithmic utility.

Definition 2.15. For a utility function U, the maximal utility for (P, Q) is defined as

UP,Q) = ?Sf PIU(f)],

in which the expectation is the extended integral defined in Definition 1.4.



Definition 2.16. For a utility function U, the maximal randomized utility for (P, Q) is defined
as

UR(P, Q) = sup (no P)[U],

nesl
in which the expectation is the extended integral defined in Definition 1.4.
Lemma 2.17. Let Q' C Q C P(X). Then
UP,Q)>U(P,Q).

Proof.
O

The next lemma shows that the larger set of randomized E-variables does not allow to achieve
a larger expected utility than the set of E-variables.

Lemma 2.18. Let U : R, , — R be a utility function and Q C P(X) a set of probability
measures. Let P € P(X). Then

UR(P,Q) =U(P,Q).

Proof. Since £, C & g, the left hand side is greater than or equal to the right hand side.
For the other direction, let n € £ g be a randomized E-variable. By concavity of U,

(ne P)[U] = Plz = n(2)[U]] < Pl = Un(x)[id])]
The function z — n(z)[id] is a measurable function and belongs to &,. O

Lemma 2.19. Suppose that there exists an event A such that P(A) > 0 and Q(A) = 0 for all
Q € Q. That is, we don’t have P < Q. Then

UP,Q)=+.

Proof. The function f: X — R, . defined by f(r) = +oc if z € A and f(z) = 0 otherwise is an
E-variable for Q since Q[f] =0 for all Q € Q.

U(P,Q) > Pllog f] = P(A) - (+00) = +00 .

O
Lemma 2.20. The function R+ U(R,P) is conves.
Proof. Let Ry, R, € P(X) and let 6 € [0,1].
U(ORs + (1= 0)Ry P) = sup (ORy + (1)) Lo |
= sup {OR, [log f] + (1 — ) Ry[log f]}
< 0 sup Ry [log f] + (1— ) sup Ryllog /]
fe€p fe€yp
=0U(R,,P)+ (1 —0)U(R,,P) .
O



2.3 Data-processing inequality for e-variables

Lemma 2.21. Let Q C P(X) be a set of probability measures and let ¢ : X' — Y be a measurable
function. Then for all g€ Ey o, go ¢ € Eq.

Proof. For @ € O,
Qlgod]=(0.Q)gl <1.
O

Lemma 2.22. Let O C P(X) be a set of probability measures and let k : X ~» Y be a Markov
kernel. Then for all £ € é’fog, Eok € é’g.

Proof. For Q € O,
((§er)eQ)lid] = (o (ko@))[id <1.
O

Theorem 2.23 (Data processing inequality with randomized e-variables). Let Q C P(X) be a
set of probability measures and P € P(X). Let U : R, , — R be a utility function. Then for all
Markov kernels xk : X » Y,

UR(P,0) > UR(ko P ko Q).
Proof. By Lemma 2.22, {£or | £ € ER )} C EE, hence

sup (ne P)[Ul = sup  (ne P)[U] = sup (§ereP)U].

neél ne{ger|éeER 5} ceel,
O

Lemma 2.24 (Data processing inequality with e-variables). Let k : X ~» Y be a Markov kernel,
PeP(X) and Q C P(X). Then

U(koP,KoQ) <UP,Q).

Proof. We can use Lemma 2.18 to obtain the data-processing with a Markov kernel for e-variables
from the result for randomized e-variables (Theorem 2.23). O

Lemma 2.25 (Data processing inequality with e-variables). Let f : X' — Y be a measurable
function, P € P(X) and Q C P(X). Then

u(f.p, f.9) <UP,9).
Proof. Use Lemma 2.24 with the deterministic Markov kernel given by f. O
Lemma 2.26. Let ¢ : X' — Y be a measurable embedding, P € P(X) and Q C P(X). Then
Up,p,¢.Q) =UP,Q).

Proof.



Lemma 2.27. Let R € P(X), P C P(X) and let ¢ : X — X be a measurable map such that
¢o¢=1id. Then

UR,¢.P) =U(P.R,P).
Proof. To prove the first inequality, we use Lemma 2.25:

UR,¢.P) = U (0. R),d.P)
<U(p.R,P).
For the reverse inequality,

U9 R, P) = U.R, 0.(9.7))
<U(R,$,P).

2.4 Numeraire and duality

This section gathers results from [LRR24].

Definition 2.28. Let P € P(X) and Q C P(X). A numeraire for (P, Q) is a P-almost surely
positive e-variable f* € £, such that P[f/f*] < 1forall f€ &, .

Lemma 2.29. Let f* be a numeraire for (P,Q) and let f € £,. Then P [log fi] <0.
Proof. O

Lemma 2.30. Let f be a P-almost surely positive E-variable for a set of probability measures
QC P(X). Then f is a numeraire for (P, Q) if and only if Pllog %] <0 forallg e &y.

Proof.

O
Lemma 2.31. Let f* be a numeraire for (P, Q). Then for all f € £,
Pllog f] < P[log f*].
Proof.
O
Lemma 2.32. Let f* be a numeraire for (P, Q). Then Pllog f*] > 0.
Proof. Use Lemma 2.31 with the e-variable f = 1. O

Lemma 2.33. Let Oy C Qy. If f* is a numeraire for (P,Q,) and f* € £ then f* is also a
numeraire for (P, Q).

Proof. For f € &g, , we have f € £ since O C Q. Then P[f/f*] < 1 by the numeraire
property for (P, Q). Thus f* is a numeraire for (P, Q,). O

Lemma 2.34. Let P € P(X) and Q C P(X). If f* is a numeraire for (P, Q) then
Up,Q) = PU)] .
Proof. O



2.4.1 Existence of a numeraire

Lemma 2.35. Let (X,,),cy be a sequence of measurable functions from X to R, ., and let
Q € P(X). There exists a sequence of measurable functions X, € conv(X,, X, 1,...) and
X: X =R such that )N(n — X Q-almost surely.

+,00

Proof. Proved in the Brownian motion project. O

Lemma 2.36. Let Q C P(X) be a set of probability measures and U : R — R a concave

function which is bounded from above. Then there exists f* € £, such that

sup P[U(f)] = PIU(f")] .
fe€q

+,00

The properties of £, we use for the proof of this lemma are convexity and the fact that if
fn € Eg then liminf,, . f, € &p.

Proof. Let (f,)nen be a sequence of e-variables in £, such that n — P[U(f,,)] is non-decreasing
and P[U(f,)] — SUP e P[U(f)]. Let f,, be a sequence of measurable functions and let f : X —

R%'oo’
Lemma 2.35. By convexity of &, fn € &, for all n.
Let f* = liminf, | f,,. Note that f* is a measurable function such that f* = f P-almost

surely. We have f* € £, by an application of Fatou’s lemma: for @ € O,

with fn € conv(f,, fni1,---) such that fn — f P-almost surely. That sequence exists by

QLf] = Qlliminf f,] < liminfQ[f,] < 1.

n—oo

By concavity of U and the fact that P[U(f,,)] is non-decreasing, we have

PU(F,)] = P[U(i Mif)] > Z M PUS)] = PIU))

We also have f* = limsup fn P-almost surely, hence by Fatou’s lemma (using that U is

bounded from above),

n—0o0

PU(f*)] = PU(timsup f,)] > limsup P[U(f,)] = limsup P[U(f,)] = sup P[U(f)].

n—oo n—oo n—oo feé‘g
Since f* € &y, we also have P[U(f*)] < SUp see P[U(f)], which proves the equality. O

Lemma 2.37. Let Q C P(X) be a set of probability measures and U : R — R a concave

function which is bounded from above. Then there exists f* € £, such that

sup P[U(f)] = P[U(f)],
fe€a

+,00

and such that all e-variables are P-a.s. finite on {f* < co}.

Proof. Let f, be as in Lemma 2.36. The set {f, = oo} is O-null by Lemma 2.12.
TODO =



Lemma 2.38. Let Q C P(X) be a set of probability measures and U : R, ., — R a non-decreasing
concave C' function which is bounded from above. Then the e-variable f* in Lemma 2.36 is such
that for all e-variables g € &,

PIU(f)g—F)]<0.

Proof. For f € £y, let f, =tf+ (1 —1t)f* for ¢t € [0,1]. By concavity of U, U(f,) > tU(f)+ (1—
t)U(f*), hence

TODO =

Theorem 2.39 (Existence of the numeraire). Let P € P(X) and Q C P(X). A numeraire for
(P, Q) exists and is P-a.e. unique.

Proof.

We will write E o for the numeraire for (P, Q).

2.4.2 Products
Theorem 2.40 (Numeraire of a product). Let P, € P(X),P, € P(Y) and 9, C P(X),95 C
P(Y). Then the numeraire for the product (P; x P,,Q; x Q) is given by the product of the
numeraires for (P, Q) and (Py, Qy):
Ep «p,0,x0, = £p 0, Ep, 0, -
Its logarithmic utility is given by
(Py x Py)[log Ep o p, 0,x0,] = Pillog Ep o ]+ Pyllog Ep o ]

}Ijmof. We first need to check that Ep o Ep o isin g .0, For Q) € Q) and @, € 9y, we
ave

(Q1 % Qy) [Ep, 0, Fp, 0,] = QulEp, 0]QaEp, o] < 1.

Let’s now check the numeraire property. Let f € &g ,o,. Let £f = E;’17Q1 and Ej = E},Z’Q?.

e[ [ [ ]

(Iv')
B3

If we can show that x = P, [f ] isin & , then we can apply the definition of the numeraire

for (P, Q) to obtain

f 1 f
P, x P, =P P. <1.
(P ”[Eﬂg VBB T
Let then @; € Q;. We want to show that @), [PQ [f(gz)]] < 1. By Fubini’s theorem, we have

o[ [f(E)” p, [@lite]].

By



It now suffices to show that y = @ [f(+,y)] is in £q . Let Q, € 9y. Then

Qaly= Q[f( ]l =(Qy xQy) [fI<T.

The last inequality holds since f € £g o, - O

Lemma 2.41. Let Q C P(X) and H C (X ~w ¥) be a set of Markov kernels. If f € Eqgy then
for all m € H, the function x = n(x)[f(z,-)] is in &y.

?"oof- For Q € Q and f € Eogp, Qlz = n(@)[f]] = (Q @ n)[f] < 1, hence (z = n(z)[f(z,")]) €
Q- L]

Lemma 2.42. Epg, 05, =(pPgrjac. (T:Y) = Ep o(x) for any Markov kernel k= X ~» Y.

Proof. First we need to show that E} , is in Egg,,. It is measurable and for @ € 9,

(Q®r) [Ep o] =Q[Epo] <1.

We then check the numeraire condition. By Lemma 2.41, (z — x(x)[f]) € £g. By the definition
of the numeraire, we then have

P

x(m)[ﬂ} .

"
EP,Q

That is, (P ® k) { ! ] < 1for all f € gg,. We have proved that E} o is the numeraire for

EPQ

(P®K,Q® K). ’ O

Theorem 2.43. For any f € Eggp, we have

(P®K)

EP,QEPm,{P}@H

Note that this proves the numeraire property for the candidate Ep oEpgy, pons but we don’t know
if it is an e-variable, so can’t conclude that it’s the numeraire. As a consequence,

(P ® r) [log Epg 00] < P [log Ep o] + (P ® k) [108 Epg, (pron] -
P®K

If Ep o Epg,. (pyon was an e-variable, then we would have equality.

Proof. Let f € Epgp-

f

* *
EP,QEP(X)K,P@H

(P®H)l 1=(P®K)

f1Ep o 1 .

E3
Epgw.ren

It suffices to show that f/E} o is in Epgy to obtain that this is less than 1 by the numeraire
property. Let n € H. By Lemma 2.42,
f
= (P

(P®mn)

*
EP,Q P®n,0%n

and since f € gy it is in g, and the numeraire property gives that this ratio is less than or
equal to 1. We conclude that E oEpg,. pgy satisfies the numeraire property.



‘We then have

f

(P®K) . -
Ep oEpgr pon

log

1 < log ((P@Iﬁ:)

<o
EP,QEP®K,P®H

We conclude that
Pllog f] < P [IOgE}S,Q] +(P®+) [log Epgy pon] -
Taking the supremum over f € £ggp, We obtain the desired inequality. O

Definition 2.44. A jointly measurable function f : X' x ¥ — R, ,, is a conditional e-variable
for a set of Markov kernels H C (X +» ¥) if f(z,-) is in Ep,y for all 2 € X (in which H(z) =
{n(z) | n € H}). We denote the set of conditional e-variables for H by &.

Definition 2.45. Let x : X ~» Y be a Markov kernel and H C (X -« Y) a set of Markov kernels.
A conditional e-variable f for H is a conditional numeraire for (x, H) if for all z € X, the function
f(x,) is a numeraire for (x(x), H(x)). We denote the conditional numeraire for (s, H) by E}. 4
(if it exists).

As we will see, conditional numeraires are not always guaranteed to exist.

Question: is there always a P-a.e. conditional numeraire? That is, a jointly measurable
function f such that f(z,-) is a numeraire for (k(x), H(z)) for only P-almost all € X instead
ofall x € X7

Lemma 2.46. If there exists a conditional numeraire for (k,{n}), then 1/E* (ny s a Radon-
Nikodym derivative for n with respect to k.

Proof. 1/E; .\ is jointly measurable and satisfies for all z € X', 1/E; (,\(x,-) = d(z)

Ta.e. di(x)
that’s the numeraire for a singleton. That’s the definition of a Radon-Nikodym derivative of

kernels. O

since

The last lemma implies that £ ; will not always exist. Indeed, Radon-Nikodym derivatives
of kernels do not always exist, although weak hypotheses on =" or ¥ can ensure that they do. X
being countable or ¥ having countably generated sigma-algebra (for example ¥ standard Borel)
is enough.

Theorem 2.47. If a conditional numeraire exists for (k, H), then Epg, ogr =a.c. Ep.olr b-

Proof. EY y is a numeraire for (P ® x,{P} ® H), so we get the numeraire property as in Theo-
rem 2.43. We now prove that B} o By € Eggpy- Let Q € Qand n € H.

QN [EpoBiy] =Q [z Ep o@)n(@) [E ) mw]] -

For all z, n(zx) [E2<w)7H<w)] <1, since E} ) y(,) is an e-variable for H(z).

x

(Q®mn) [EpoBiu] <Q[z Epox)] <1.
]

Lemma 2.48. Let k: X w» Y be a Markov kernel and H C (X ~» Y) a set of Markov kernels. If
X is countable with measurable singletons then there exists a conditional numeraire for (k, H).

10



Proof. For each x € X, we can apply Theorem 2.39 to the Markov kernel x(x) and the set of
kernels H(z) to obtain a numeraire E ) #(x)- I X is countable, we can simply take the function

Er py(z,y) = E:(x)’H(x)(y), and the countability ensures the joint measurability. O

Theorem 2.49. Let : X ~» Y be a Markov kernel and H C (X ~» Y) a set of Markov kernels.
If either X is countable or Y is countably generated, then there exists a conditional numeraire
for (k, H).

Proof. The case of countable X is covered by Lemma 2.48. (TODO: only for measurable single-
tons though)

TODO: k « H hyp?

Let’s now consider the case where ¥ is countably generated. Then there exists a sequence
of finer and finer partitions of 4 into finitely many measurable sets (A,, ,,,)ncn mean With ¥ =
Um <on Ap o for all n, and such that the sigma-algebra on ¥ is the o-algebra generated by the sets
An’;. Let F be the filtration generated by the successive partitions, that is, F, = o({A
m < 27}).

TODO O

n,m ‘

2.4.3 Reverse information projection and duality.

Definition 2.50. Let P € P(X) and Q C P(X). The reverse information projection (RIPr) of
P onto Q is the finite measure P} absolutely continuous with respect to P such that

drP; 1

AP Ep,

It satisfies P[] < 1 and the inequality can be strict.

Definition 2.51. For a set of probability measures Q C P(X), the effective set of measures Qg
is the set {u e M_(X) |Vf ey, ulf] <1}

We could also define the effective set of measures for randomized E-variables, but it actually
gives the same set.

Lemma 2.52. Let Q C P(X) be a set of probability measures. The effective set Q. s conver
and satisfies 0 € Qg and O C O 4.

Proof. O

Lemma 2.53. Let Q € P(X) be a probability measure. Then {Q} = {Q € M(X) | Q" < Q},
in which Q" < Q means that Q' (A) < Q(A) for all measurable sets A C X.

Proof.

{Qer ={Q e M(X) | VS, (VQ" € {Q},Q"[f]

={Q eMX)|Vf, Q<1 = Q'[f]

This is the set of finite measures {Q’ | Q" < Q}. Indeed, if Q" < @, then for all f with Q[f] <1,
Q'[f] < Q[f] < 1. Conversely, if Q" is such that (Vf, Q[f] <1 = Q’[f] < 1), then for any

measurable set A, we can take the measurable function f = Q(A)~! -1, (in which 07! = ) to
obtain Q' (A) < Q(A). O

1) = Q'lfI<1}
1}

<
<

Lemma 2.54. Let Q C P(X) and let : X ~» Y be a Markov kernel. Then ko Q4 C (k0 Q)

11



Proof.

HOchf:{H°Q|vf,(VQ/GQvQ/[f]S]-) = Q[f]g]-}
(ko Qo ={R|Vf,(VQ € O, (ke Q)[f] <1) = R[f] <1}

Let ko @Q € ko Q. and f such that VQ' € Q,(ko Q')[f] < 1. That is, VQ' € 9,Q'[z
k(z)[f]] < 1. Then since Q € O, we have Q[z — k(z)[f]] < 1. We have proved that ko Q €
(K © Q) O

Lemma 2.55. Let Q) C Q, C P(X) be two sets of probability measures. Then Qq o C Qg oy
Proof. Since 9, C 9y we have &g, C &g (Lemma 2.2). Then
Qe ={n e M (X)|Vfely, pulfl<1}
C{ne M, (X)|Vf € &g, ulfl <1}
= QQ,eff :
O
Let KL(P, Q) be the Kullback-Leibler divergence from P to @, defined for finite measures as

Pllog 4] if P < Q

400 otherwise

KL(P,Q) = {

Note that we don’t correct the divergence if P and @ are not probability measures.

Theorem 2.56. Let P € P(X) and Q C P(X). If P < Q then

HEL ot

Pllog E} o) = sup Pllog f] = inf KL(P,p) = KL(P, P}) .
’ fe€o
Proof.

Lemma 2.57. Let P,Q € P(X) be two probability measures with P < Q. Then

sup Pllog f] = KL(P, Q).
feciqy

Proof. Since KL is non-increasing in the second argument,

Jf KL(P.Q') =KL(P.Q).

Since {Ql}err = {Q" € M(X) | @ < Q} (Lemma 2.53), we obtained KL(P, Q) = infy (o  KL(P, Q).
By the duality of numeraire and KL divergence (Theorem 2.56), we have

sup Pllogf]= inf KL(P,Q")=KL(P,Q).
fe€oy Q' €{Q}ett

12



KL data processing from e-variables The data processing inequality for the numeraire
utility implies the data processing inequality for KL divergences.

Theorem 2.58. Let P,Q € P(X). Then for all Markov kernels k : X' ~» Y,
KL(P,Q) > KL(k o P, 0 Q).

Proof. By Lemma 2.57, KL(P,Q) = SUPseg, Pllog f]. Then by Lemma 2.24, we have

sup Pllog f] > sup (ko P)[logg].
ey 9€E ko)

And that last term is KL(k o P, k o @), again by Lemma 2.57. O

13



Chapter 3

e-Rényi and e-Chernoft
divergences

Definition 3.1. The e-Rényi divergence of order o € (0,1) between two sets of probability
measures P, Q0 C P(X) is defined as

eR,(P,0) =

1—a Relg(fx) (QU<R7 ‘7)) + (1 - a)?’[(Rv Q)) )

for U,,, the max-utility corresponding to the logarithmic utility.
Definition 3.2.

eC,(P,0) = Reig(fx) max {U (R, P), Uog (R, 9)} .

Lemma 3.3. Let P’ C P and Q" C Q. Then, for all a € (0,1),
eR, (P',0") > eR, (P, Q).

Proof.
O
Lemma 3.4. Let P’ C P and Q" C Q. Then
eC, (P,0") > eC_(P,09).
Proof.
O
Lemma 3.5. Let & : X« Y be Markov kernel. Then
eR, (koP, ko Q) <eR,(P, Q).
Proof.
O

Lemma 3.6. Let f: X — Y be a measurable map. Then

eR,(f.P, f.Q) <eR, (P, Q).

14



Proof.

O
Lemma 3.7. Let & : X «w Y be Markov kernel. Then
eC,(koP, ko Q) <eC,(P, Q).
Proof.
O
Lemma 3.8. Let f: X — Y be a measurable map. Then
eC,(f.P, f.Q) <eC (P, 9).
Proof.
O

Lemma 3.9. For a € (0,1), if eR, (P, Q) < oo, then

1
R (P.O) = —— inf R,P)+(1—al R,Q)) .
eRo (7, 9) 11—« Re?(x),1£<<y>, R<Q (al(log( P) (1= a)llog (R, )

That is, the infimum defining eR_ (P, Q) can be restricted to measures R that are absolutely
continuous with respect to both P and Q.
TODO: can we drop the finiteness assumption?

Proof. If R is not absolutely continuous with respect to 2, then U}, (R, P) = oo by Lemma 2.19.
Similarly, if R is not absolutely continuous with respect to Q, then Z[log(R, Q) = oo. Hence, in
both cases, the term all,,, (R, P) + (1 — @)Uy, (R, Q) is infinite and does not contribute to the
infimum defining eR, (7, Q). O

Corollary 3.10. For a € (0,1), if eR (P, Q) < oo and there exists a measurable set A with
P(A°) =0 and Q(A®) =0 for all P € P and Q € O, then

1
inf U..(R,P 11—l (R,Q)) .
1—aReﬂ?<xflR<Ac):o (o tog (11, P) + (1 = a)log (R, )

eR, (P, Q) =
That is, the infimum defining eR, (P, Q) can be restricted to measures R supported on A.

Proof. We apply Lemma 3.9 and note that any measure R that is absolutely continuous with
respect to both P and Q must satisfy R(A¢) = 0. O

Lemma 3.11. Let ¢ : X' — Y be a measurable embedding. Then
eR, (¢, P, $,9) = eR (P, Q).

Proof. By Lemma 3.6, we have eR (¢, P, $,09) < eR, (P, Q). Then either both sides are infinite
and we are done, or the left hand side is finite.

Let A= ¢(X) CY. Then for all P € P and Q € Q, we have ¢,P(A°) =0 and ¢,Q(A°) = 0.
By Corollary 3.10, we can restrict the infimum defining eR,, (¢, %, $,9) to measures supported

15



on A. Since ¢ is an embedding, every measure supported on A is of the form ¢,R for some
R € P(X) (take R = ¢, R’, in which ¢! is a partial inverse on the range of ¢).

1
P =— inf L 6.P)+ (1 — ’
eRa(¢* 7¢*Q) 1—a R’efP(y)l,nR’(AC):O (aulog(R 7¢* ) + ( a>u10g<R 7¢*Q)>

1
= m RElfIT}(fx) (aulog(¢*Ra (b*‘fp) + (1 — a)ulog(¢*R’ (Z)*Q)) .

Using then Lemma 2.26, we get

1 .
eRa(¢*{Pa (b*Q) = 1—a Re%(fm <aulog(R’ :P) + (1 - a)ulog(RaQ))

=eR, (P, 0).
O
Lemma 3.12.
UP,®@ Py, 01 ® Qy) =U(P, Q1) + U(P,, 9y) .
Proof. O
Lemma 3.13.
eR, (P, ® Py, 0, ® Qy) = eR(P,9;) + eR, (P5,05) .
Proof.
O
Lemma 3.14.
eC, (P ® Py, 01 ® 9y) <eC_(Pq,9,) +eC,(Psy,Q5) .
Proof.
O

Lemma 3.15. Let P,Q C P(X) be two sets of probability measures. Suppose that there exists a
measurable map ¢ : X — X such that ¢ o ¢ = id and ¢, P = Q. Then

R, /p(P,0) =2 inf Ui (R, P) .
e 1/2( s ) REIJJ(JCI)I,I¢*R:R log< ) )

Proof. First consider an arbitrary R € P(X). Then R’ = (R + ¢,R) satisfies ¢, R" = R’ and
by convexity (Lemma 2.20) and Lemma 2.27,

1 ) 1 ) 1/1 1
s (. P) 51y (R, 0) < 5 ([ (R P) + 5201y (R, 0))

1

1 1
5 <§Ulog(¢*Rv ‘{P> + §Ulog<¢*Ra Q))

1
U10g<R7.(P) + iulog(R, Q) .

+

1
)

Hence we can restrict the infimum defining eR; 5 (%, Q) to measures R such that ¢, R = R.
For such measures, by Lemma 2.27, U, (R, Q) = U,,(¢, R, P) = Ujx(R,P) and we get the
result. O
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Lemma 3.16. Let P,Q C P(X) be two sets of probability measures. Suppose that there exists a
measurable map ¢ : X — X such that ¢ o ¢ = id and ¢, P = Q. Then

P, Q) = inf u P) .
eC(7,9) Re?(JCI)I,IqS*R:R tog (1%, 7)

Proof. Similar to the proof of Lemma 3.15. O

Lemma 3.17. Let P, Q C P(X) be two sets of probability measures. Suppose that there exists a
measurable map ¢ : X — X such that ¢ o ¢ = id and ¢, P = Q. Then

eR1/2<.7)7Q) = 260(.77,Q) .

Proof. Use Lemmas 3.15 and 3.16. O
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Chapter 4

Lower bounds on e-Rényi and
e-Chernoff divergences

4.1 Separation lower bound

Lemma 4.1. Let a < b € [0,1]. Let D_, = {P € P([0,1]) | P[id] < a} and D, = {P €
P([0,1]) | P[id] > b} be sets of distributions on [0, 1] with mean constraints. Let B, = {Ber(p) |
p < a} and B., = {Ber(p) | p > a} be sets of Bernoulli distributions with the same constraints.
Then

eRl/Q(Dgaa Dyy) = eRl/Q(Bgaszb) .
Proof. First, by Lemma 3.3, since B, C D, and B, C D;, we have
eRy/2(Dogs Dsy) < eRyjo(Bogs Bsy) -

For the reverse inequality, we use the data processing inequality for e-Rényi divergence (Lemma 3.5).
Let & : [0,1] «» {0, 1} be the Markov kernel defined by x(x) = Ber(z) (the Bernoulli distribution
with parameter x). Then for P € P([0,1]), ko P is a Bernoulli distribution with parameter P[id],
and thus ke D, = B, and ko D, = B,;,. By Lemma 3.5,

eRy/2(B<gs Boy) < eRyjo(Doyy Dy -

Lemma 4.2. Let § € [0,1/2] and let B_s = {Ber(p) | p < 6}. Then

1
ngs = {f :{0,1} = R, , measurable | I\ € {0, 5} , Vo e {0,1}, f(z) <1 +/\(ﬂc—5)} .

Proof. 1t is easy to check that the set on the right is included in & __.
The constraint on an e-variable f for B_; is that for all p <9,

(1=p)f(0)+pf(1) <1.

For p =0 and p = § we thus get the two constraints

f0) <1,
f(1)§1+1_Tf<0)(1—6).
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Let A = %. Then ) € [0, §] and the second constraint can be rewritten as f(1) < 1+A(1—4).
We need to check that we also have f(0) < 1+ A(0—4), but the expression on the right is equal
to f(0) by definition of A. O

Lemma 4.3. Let € [0,1/2] and let B_s = {Ber(p

~

| p <8}, Then

1

o8 51— 4) -

ulog(Ber(1/2>7 B§5> =

N |

Proof. We first compute & B_, with Lemma 4.2. We thus know that we can restrict the supremum
over f € p_ to functions of the form f(z) =1+ A(x — §) for some A € [0, 3]

Uyog(Ber(1/2), B.s) = sup %log(l +A0—4)) + %log(l +A(1—4))

€0, 3]
1
=—log sup ((1—=X6)(1+A(1—9))) .
2 e
The function (1 — Ad)(1+ A(1 —0)) reaches its maximum at A* = 2(%(_172756) which is in the interval
[0, 1] since 6 € [0,1/2]. Its value at the optimum is m. O

Lemma 4.4. Let § € [0,1/2]. Let B_; = {Ber(p) | p < 0} and B.,_s = {Ber(p) | p > 1 — 0} be
sets of Bernoulli distributions with mean constraints. Then

1

eRl/Q(B§67 Bg1-§) = log m .

Proof. By Lemma 3.15 for the map ¢ : {0,1} — {0,1} defined by ¢(0) = 1 and ¢(1) = 0, we
have

B_;,B =2 inf u B
eR1/2( <6 B>1-5) RE?({O)?}I),@R:R log(Ra <5)

= 2U\,, (Ber(1/2), B_s) .
We now use Lemma 4.3 to conclude. O

Lemma 4.5. Let § € [0,1/2]. Let B_; = {Ber(p) | p < 0} and Bo,_s = {Ber(p) | p > 1—0} be
sets of Bernoulli distributions with mean constraints. Then

1

1
eC(BS(;, BZl*(s) = 5 log m .

Proof. By Lemma 3.17, we have
1
eC(B<s, Bo1_5) = 9 €R1/2(B§57 B.is).

We now use Lemma 4.4 to conclude. O

Lemma 4.6. Let § € [0,1/2]. Let D_; = {P € P([0,1]) | Plid] < 0} and D, 5 = {P €
P([0,1]) | Plid] > 1 — 8} be sets of distributions on [0,1] with mean constraints. Then

eRl/Q(DS& D.q_5) = log m .
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Proof. By Lemma 4.1, we have
eRy/2(D_5, Do1_5) = eRyjo(Bos, Boy_s) -

We now use Lemma 4.4 to conclude. O
Lemma 4.7. Let § € [0,1/2]. Let D_; = {P € P([0,1]) | P[id] < 0} and D, 5 = {P €
P([0,1]) | Plid] > 1 — 8} be sets of distributions on [0, 1] with mean constraints. Then

1

1
CP<s Pors) = 5108 57—

Proof. By Lemma 3.17, we have
1
eC(Dss, Doy_s) = 56R1/2(Dg57921—5> .

We now use Lemma 4.6 to conclude. O

Theorem 4.8. Let P,0 C P(X) be two sets of probability measures. Suppose that there exists
a measurable function fo: X — R which is less than 1 and ¢ € [0,1/2] such that

+,00
VP e P, Plfy] <4,
VQ e 0, Q[fp] =21-4.
Then

1

Proof. By Lemma 3.6 for the function f;,, we have
eRl/Q(’]),Q) > eRl/Q(fO °P, fo° Q).
fooP C{P € ?(]0,1])) | P[id] <6} and f o Q C {P € P([0,1]) | P[id] > 1 —6}. By Lemma 3.3,
we thus have
eR1/2(f0 0P, fooQ) = eRl/z(@géa Doys) -
We now use Lemma 4.6 to conclude. O

Theorem 4.9. Let P,0 C P(X) be two sets of probability measures. Suppose that there exists
a measurable function fy,: X — R which is less than 1 and § € [0,1/2] such that

+,00
vpe:pa P[f0]§57
VQ €0, Qfg] >1-4.

Then
eC(P,0) > 110 1
=5 1 =)
Proof. By Lemma 3.8 for the function f,, we have
eC(P,Q) > eClfy o P, [y 2).

foo? C{P e P([0,1]) | Plid] <4} and fy0Q C{P € P([0,1]) | Pid] > 1 —¢}. By Lemma 3.4,
we thus have

eC(foo P, foo Q) > eC(Z?Q, Dzlfé) .

We now use Lemma 4.7 to conclude. O
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4.2 Data processing inequality through KL duality

sup Pllog f] = inf KL(P,Q)
feéo QeLcsr

> inf KL(koP,ko
T QEQy ( Q)

= inf KL(koP,Q")

> inf KL(koP,Q’
T QE(k0Q) ot ( @)

= sup (ko P)[logg].

9€€,c00

The first inequality is the data processing inequality for KL divergence. The second inequality
comes from ko Qg C (ko Q) 4, which we proved in Lemma 2.54.
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