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Reminder

Until now we have seen Value-Based methods , that learn

Q(s, a)

an estimate of the optimal Q-Value function

QR*(s,a) = maxQ7(s,a)

ZWt_lr(Staat)

t=1

= maxE"
T

5125,31281

=» our guess for the optimal policy is then 7 = greedy(Q) :

m(s) = argmax Q(s, a)
acA

(a deterministic policy)
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Outline

Optimizing Over Policies
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Optimizing over policies ?

We could try to

argmax E”
wel

Z'Y St,at)

t=1

S1 NP}

M = {stationary, deterministic policies 7 : S — A}

where

and p is a distribution over first states.

=» intractable!

Idea : relax this optimization problem by searching over a (smoothly)
parameterized set of stochastic policies.

J
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A new objective

» parametric family of stochastic policies {mg}oco
» mo(als) : probability of choosing a in s, given 6
> 0 — mp(als) is assumed to be differentiable

Goal : find 6 that maximizes

J(8) =E™

over the parameter space ©.

Idea : use gradient ascent
=» How to compute the gradient VyJ(6)?
=» How to estimate it using trajectories ?
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Warm-up : Computing gradients

» f: X — Ris a (non differentiable) function
> {po}toco is a set of probability distributions over X

J(0) = Exwp, [F(X)]

Proposition

Vo J(0) = Ex~p, [F(X)V log py(X)]

Exercice : Prove it !
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Policy Gradients
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Finite-Horizon objective

-
JO)=E" | Y 7 (st ac) | s Np]
t=1
for some ~y € (0, 1].
» 7= (s1,a1,%,a,...,5T,ar) trajectory of length T

» my induces a distribution pg over trajectories :

T
H/IH at‘st St+1‘st~at)

t=1

» cumulative discounted reward over the trajectory :
-1
R(7) := th r(st, at)
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Finite-Horizon objective

J(0) = Errp, [R(7)]
for some v € (0, 1].
> 7= (s1,a1,%,3,...,5T,ar) trajectory of length T

» my induces a distribution pg over trajectories :

E\l

P() at‘st 5t41‘5t»3t)

t=1

» cumulative discounted reward over the trajectory :

T
E ’Y St7 al’

t=1
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Computing the gradient

VoJ(0) = Ernp, [R(T)Vo log pa(T)]

and

;
Vologpy(T) = Vglog (p(sl)HWe(atlst)p(smsnat))

t=1

-
= Vy <|0€ p(s) + Z (log p(st+1|st; ar) + log 770("3t5t))>

t=1

.
= Z Vo log mg(ae|st)

t=1

Hence,

VoJ(0) =E p, lz R(T)Vglog 7rg(at|st)]

t=1
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The baseline trick

.
VoJ(0) = Ernp, lz R(7)V log m(at|st)]

t=1
In each step t, we may substrack a baseline function by(s1, a1, ..., st),
which depends on the beginning of the trajectory (up to s;), i.e.
T
Vod(0) =E;p, [Z (R(T) — bt(s1,a1,....5:)) Vg log 7r9(at|st)]
t=1
Why ?
E;py [be(51, 81, .- -,5:) Vo log mg(ac|se)|s1, at, - - -, St]
= bi(s1,a1,...,5t) Z mo(a|s:) Vo log mo(alst)
acA
= b(s1,a1,...,5t) Z Vomg(alst)
acA
= bi(s1,a1,...,5)Vo (Z we(ast)> =0
acA
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Choosing a baseline

T
VoJ(0) = Erp, Z — be(s1.a1,....5:)) Vg logma(ae|st)
A common choice is
t—1
bi(s1,a1,...,5) = Z v (s, ap)
i=1
which leads to
T .
R(T) — be(s1,a1,...,5) = Zv’*lr(s,-,a,-)
i=t

.
= 7 D Y (s )
i=t

discounted sum of rewards
starting from s;
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Policy Gradient Theorem

Using this baseline, we obtain

T T
VoJ(0) = Erep, [Z v (Z ’Yi_tr(sia 3:‘)) Vi log 7"'0(3t|51:)]
t=1 i=t

.
> QI (st at) Vo log Wﬁ(atsf)]

t=1

E™e

where
-

Q7 (s.2) = E" [Z V(51 a1)

i=t

St:S,at:a]
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Policy Gradient Theorem : Infinite Horizon

s1~p

J(0) =E™ [Z 7 (s, at)

t=1

(taking the limit when T — oo of the previous objective)

Policy Gradient Theorem

VoJ(6) = E™

Z ’YFI Q7 (s¢,a:) Vg log 7T0(5t|31‘)‘|

t=1

where Q™ (s, a) is the usual Q-value function of policy 7.

Remark : sometimes written

1
VoJ(0) = EE(S’Q)NdW [Q™(s,a)Vy log my(s|a)]

with d™(s,a) = (1 —7) >0 7 1P (S = 5, A = a).
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The REINFORCE algorithm
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Recap : Exact gradients

» Finite horizon

VoJ(6) = E™

;
Z Y LQI (s, ar) Vg log 7T9(5t|3r)]

t=1
» Infinite horizon

VoJ(6) = E™

Z YL Q™ (st a;) Vg log 7T9(5t|3r)]

t=1

=?» simple formulations to propose unbiaised estimates of the gradients
based on trajectories (almost unbiaised for infinite horizon)
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REINFORCE

» Initialize 6 arbitrarily

> In each step, generate N trajectories of length T under my

(() (0 M S0 (")).1

Sy A1y ST AT T )i=1,.

N

compute a Monte-Carlo estimate of the gradient
N T o
V(0 Z Z Vg log mo(a”st")

with Gt(i) = Z;tysftrs(i).
» Update 6 < 0 + am)

(one may use N =1, and T large enough so that v7 /(1 — ) is small)
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REINFORCE

» Initialize 6 arbitrarily

> In each step, generate N trajectories of length T under my

(() (0 M S0 (")).1

Sy A1y ST AT T )i=1,.

N

compute a Monte-Carlo estimate of the gradient

N T
Vo (0 ZZ D, log ma(al?]s)

with Gt(i) = Z;tysftrs(i).
» Update 6 < 0 + am)

(one may use N =1, and T large enough so that v7 /(1 — ) is small)
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Choosing the policy class

A common choice when A is finite is a softmax policy

exp(kfy(s, a))
2 seaexp(rfy(s,a))

Va e A, mp(als) =

» if S is finite, one may use fy(s,a) = bs., © = RSxA

> otherwise, fy(s, a) is a function in some parametric space
(e.g. a neural network)

Vg logmg(als) = kVofy(s,a) — K Z mo(a'[s)Vofy(s,a’)
aeA
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Choosing the policy class

Policy gradient algorithms permit to handle continuous action spaces as
well. For example, we may use a Gaussian policy with density

(a— ml<s))2>

1
rotals) = \/ 2703 (s) =P <_ 207,(s)

(2 — #91(5)) v91,ut91 (S)

Valognals) = ol
02
_ 2_ ;2
Valogn(als) = tel) bl
‘702(5)
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Limitation

The gradient estimated by REINFORCE can have a large variance )

Two ideas to overcome this problem :
> use better baselines

> use a different estimate of Q™ (s, a)
(which will create biais)
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A Advantage Actor Critic
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Baseline trick, reloaded
One can further substract the baseline b(sy, a1,...,s:) = V™ (s;) :

VeJ() = E™

Z ’}/t_l Q™ (s¢,a¢) Vg log 779(5t|at)]
t=1

= E7[ D4 (@ (st a0) = V™ (s1)) Vo log mo(silar)|

= E™ {Z LA™ (54, a:) Vg log 71'0(5t|at)]

t=1

introducing the advantage function

A"(s,a) = Q"(s,a)— V7(s)
= Q"(s,a)— Q"(s,7(s))

(how good it is to replace the first action by a when following 7 ?)
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Estimating the advantage

» Assume we have access to V/, an estimate of V™

> The advantage function in (s, a;) can be estimated using the next
transition by
A(5t7 ar)=r:+ ’YV(StH) - (st)

or more transitions

t+p

A(st, ar) = Z“Yk_tfk + 9PV (se4p11) = V(st)
k=t

> This leads to a gradient estimator from (multiple) trajectories

VHJ ZZ,}; lA <5t ) 0) VH |Og uy (agi)\st(i))

i=1 t=1
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Estimating the advantage

» Assume we have access to V/, an estimate of V™

> The advantage function in (s, a;) can be estimated using the next
transition by
A(5t7 ar)=r:+ ’YV(StH) - (st)

or more transitions

t+p

A(st, ar) = Z“Yk_tfk + 9PV (se4p11) = V(st)
k=t

> This leads to a gradient estimator from (multiple) trajectories
VTJ\ ZZ’W A <5t : i)) Vg log Ty (agi)\st(i))

i=1 t=1

=» How do we produce the estimates V' ? Use a critic
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Actor critic algorithms

» Actor : maintains a policy and performs trajectory under it

» Critic : maintain a value, which estimates the value of the policy
followed by the critic

Rationale :
» the actor's policy improves the value given by the critic

» the critic uses the trajectories generated by the actor to update its
evaluation of the value

=» Generalized Policy Iteration

Both the actor and the critic can use parametric representation :
> T : the actor’s policy, 6 € ©
» V., : the critic’s value, w € Q
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How to update the critic?

> ldea 1 : use TD(0)

after each observed transition under my,

0 = re+yV(ser1) — Vi(se)
w +— wHadV,V,(st)

» lIdea 2 : use batches and bootstrapping
t+p

V(s = S 9* e 4 4PV (s L)
k=t

and minimize the loss with respect to w :

T

SIS ()~ V(o))

i=1 t=1
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The A2C algorithm
[Mnih et al., 2016]

In each iteration :

» collect M transitions under the policy mp (with reset of initial states
if a terminal state is reached) {(sk, ak, rk, Sk+1) }ke[m)
» compute the (bootstrap) Monte-Carlo estimate

T« AM

\7(5 ) sk,ak Z ’Y krt M k+1Vw‘(5M\1)]l(Tk > M)

and advantage estimates A, (s, ax) = Q(sk, ax) — Vi (sk)-
> one gradient step to minimize the policy loss : 6 « 6 + aVyL(6)

Lo(w) = ZA (Sk, ak) log s ( ak\sk)—*zzﬂe (alsk) log ——— (a|sk)

= k=1 a

> one gradient step to minimize the value loss : w < w + aV, Ly (w)

M Z OB sk))
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Policy Gradient Algorithms :
Pros and Cons

+ allows conservative policy updates (not just taking argmax), which
make learning more stable

+ easy to implement and can handle continuous state and action
spaces

+ the use of randomized policies allows for some exploration...
- ... but not always enough
- requires a lot of samples

- controlling the variance of the grandient can be hard
(many tricks for variance reduction)

- the loss fonction J(6) is not concave, how to avoid local maxima?
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